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Abstract
We reconsider the role that bundle gerbes play in the formulation of the WZW
model on closed and open surfaces. In particular, we show how an analysis of
bundle gerbes on groups covered by SU(N) permits to determine the spectrum of
symmetric branes in the boundary version of the WZW model with such groups as
the target. We also describe a simple relation between the open string amplitudes
in the WZW models based on simply connected groups and in their simple-current
orbifolds.
1 Introduction
TheWZW (Wess-Zumino-Witten) model [43], a version of a two-dimension sigma model
with a group manifold G as the target, constitutes an important laboratory for confor-
mal field theory (CFT). It is a source of numerous rational models of CFT [34] and a
building block of certain string vacua [7]. It is also closely connected to the topological
3-dimensional Chern-Simons gauge theory [44][16]. It has been clear from the very
start that the model involves topological effects of a new type which are due to the
presence of the topological Wess-Zumino term in its action functional. The topological
intricacies of the model appear already at the classical level as global obstructions in
the definition of the action functional. Those obstructions lead to the quantization of
the coupling constant (the level) of the model. The phenomenon is similar to the Dirac
quantization of the magnetic monopole charge but in the loop space rather than in the
physical space. In the physical space, it involves closed 3-forms instead of magnetic
field 2-forms. Quite simple for simply connected groups G, this effect becomes more
∗membre du C.N.R.S.
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subtle for non-simply connected ones leading to more involved selection rules for the
level and, possibly, multiple (theta-)vacua of the quantum theory [17].
As is well known, a convenient mathematical framework for the Dirac monopoles,
their quantization and the Bohm-Aharonov effect is provided by the theory of line
bundles with hermitian connections. Up to isomorphism, such bundles may be char-
acterized by certain sheaf cohomology classes. More exactly, they correspond to the
elements of the real version of the degree 2 Deligne cohomology [15][22]. It was realized
in [23] that the Deligne cohomology in degree 3 provides a mathematical language to
treat the topological intricacies in the WZW model. The theory is somewhat analogous
to the degree 2 case when the original space is replaced by its loop space. Indeed, a
third degree real Deligne class determines a (unique up to isomorphism) hermitian line
bundle with connection on the loop space [23]. The degree 3 theory appears, however,
to be much richer. In particular, one of the basic constructions in degree 2, that of
the parallel transport along curves, becomes that of the “parallel transport” around
two-dimensional surfaces which may have different topology. For closed surfaces one
obtains the U(1)-valued “holonomies” that enter the Feynman amplitudes of classical
field configurations in the WZW model. For surfaces with boundary, the amplitudes
take instead values in the product of lines associated to the boundary loops. New phe-
nomena appear when the boundary components or their pieces are restricted to special
submanifolds (D-branes) over which the Deligne cohomology class trivializes. The dis-
cussion in [23] extends easily to that case as was briefly evoked in [24]. This is precisely
the situation that one confronts when studying boundary conditions in the WZW mod-
els that preserve (half of the) symmetries of the bulk theory. One of the main points
of this paper is to show how the order 3 Deligne classes enter the classification of such
boundary conditions, i.e. of the WZW branes.
Although the whole discussion may be made using the cohomological language, it
is convenient to have at ones disposal geometric objects whose isomorphism classes are
characterized by the degree 3 real Deligne cohomology classes. This was recognized in
ref. [6] which proposed to use the theory of “gerbes” [27] to provide for such objects.
It seems, that the most appropriate geometric notions are those of (hermitian) bundle
gerbes with connection defined in [35] and of their stable isomorphisms introduced in
[36]. The bundle gerbes with connection are simple geometric objects whose stable
isomorphism classes are exactly described by the order 3 real Deligne cohomology.
Their use allows to translate the cohomological discussions of [23] to a more geometric
language which is indeed useful when discussing the issues related to branes. See also
[10][4][28] for the discussions of gerbes in different, although related, contexts.
The paper is organized as follows. In Sect. 2 we recall the essential points of [23],
with some of the details relegated to Sect. 10.1, and discuss their translation to the
bundle-gerbe language, In Sect. 3 we present an explicit construction of gerbes over the
SU(N) groups. Sect. 4 is devoted to the case of non-simply connected groups covered by
SU(N). In parenthetical Sect. 5, we explain how to define gerbes on discrete quotient
spaces, an issue which was previously discussed in the context of discrete torsion in [39].
How the construction from Sect. 4 fits into this general scheme is shown in Appendix B.
In Sect. 6, we describe the line bundles with connection on the loop spaces induced by
gerbes and relevant for the geometric description of closed string amplitudes. Sect. 7
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shows how those line bundles may be trivialized when restricted to loop spaces of
branes and how to describe the brane structure in terms of gerbes. We also discuss the
line bundles induced by gerbes on the space of paths with ends on branes, the open
string counterpart of the loop space construction. In Sect. 8.1, we examine branes
in the SU(N) groups and in Sect. 8.2 the ones in the groups covered by SU(N). In
the latter case, we obtain a completely explicit description of the (symmetric) branes
confirming the results based on studying consistency of quantum amplitudes. In Sect. 9,
we evoke the bearing that the geometric constructions discussed in this paper have on
the spectrum and the boundary partition functions of the WZW models based on the
groups covered by SU(N). We identify a general relation, that seems at least partially
new in the context of the WZW theory, between the spaces of states for the boundary
WZW models with non-simply connected groups and the ones for the models based on
the covering groups. Sect. 10 briefly indicates how to extend this relation to general
open string quantum amplitudes. In Section 11, we present a local description of the
line bundles over the loop spaces and open path spaces induced by gerbes, discussed
before in more abstract terms. Conclusions give a brief summary of what was achieved
in the paper and list some open problems. More technical calculations referred to in
the main text have been collected in Appendices.
2 Topological action functionals and gerbes
Let us start by recalling the some basic points of [23], changing the notations to more
up-to-date ones.
2.1 Dirac monopoles and line bundles
Suppose that B is a (magnetic field) closed 2-form on a manifold M . To describe a
particle of unit charge moving in such a field along a trajectory ϕ(t), one has to add to
the action functional the coupling term
∫
ϕ∗A where A = d−1B is the vector potential
of B, i.e. a 1-form such that dA = B. The problem arises when B is not exact so that
there is no global A (like for the magnetic field of a monopole). Dirac’s solution of the
problem, when translated to a geometric language, is to define the Feynman amplitudes
e i
∫
ϕ∗d−1B of closed particle paths ϕ as holonomies in a hermitian line bundle L with
(hermitian) connection ∇ of curvature curv(∇) = B, provided such bundle exists. This
is the case if the closed 2-form 12πB is integral in the sense that its periods over closed
2-cycles in M are integers.
Let (Oi) be a sufficiently fine open covering of M . We shall use the standard
notation Oij , Oijk etc. for the multiple intersections of the sets Oi. A choice of local
sections si : Oi → L of length 1 gives rise to the local data (gij , Ai) for L such that
sj = gijsi and ∇si = 1iAisi. They have the following properties:
1. gij = g
−1
ji : Oij → U(1) and on Oijk
gjk g
−1
ik gij = 1 , (2.1)
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2. Ai are real 1-forms on Oi such that
dAi = B, (2.2)
3. on Oij
Aj −Ai = i g−1ij dgij . (2.3)
If s′i correspond to a different choice of local sections so that s
′
i = fisi then
g′ij = gijfjf
−1
i and A
′
i = Ai + i f
−1
i dfi . (2.4)
The local data also naturally restrict to finer coverings. The two collections of local data
are considered equivalent if they are related by (2.4) when restricted to a sufficiently
fine common covering. The equivalence classes w = [gij , Ai] may be viewed as (real,
degree 2) Deligne (hyper-)cohomology classes [23]. The class of local data depends only
on the bundle L with connection and not on the choice of its local sections. Besides,
isomorphic bundles give rise to the same Deligne class.
Denote by W (M,B) the set of equivalence classes w of local data corresponding
to fixed B and by w(L) the class of local data of the bundle L. In fact, the line
bundle L together with its hermitian structure and connection may be reconstructed
from the local data (gij , Ai) up to isomorphism. One just takes the disjoint union
⊔
i
(Oi ×C) ≡ ∪
i
(Oi × {i} ×C) of trivial bundles and one divides it by the equivalence
relation
(x, i, gijz) ∼ (x, j, z) . (2.5)
The covariant derivative given by∇ = d+ 1iAi onOi defines a connection on the quotient
bundle. It follows that the elements of W (M,B) are in one-to-one correspondence with
the isomorphism classes of hermitian line bundles with connections. In particular,
W (M,B) in non-empty if and only if the 2-form 12πB is integral. In the latter case,
the cohomology group H1(M,U(1)) acts on W (M,B) in a free, transitive way, i.e.
W (M,B) is a H1(M,U(1))-torsor. The action sends w = [gij , Ai] to uw = [uijgij , Ai],
where (uij) is the C
∨
ech cocycle representing u ∈ H1(M,U(1)). The latter group may
be also viewed as that of characters of the fundamental group of M . The line bundles
corresponding to w and to uw have holonomies differing by the corresponding character.
In particular, the set W (M, 0) of isomorphism classes of flat hermitian line bundles
may be identified with the group H1(M,U(1)). The multiplication in H1(M,U(1))
corresponds to the tensor product of flat bundles.
The holonomy H(ϕ) in L along a closed loop ϕ : ℓ → M may be expressed using
the local data of L. One splits ℓ into small closed intervals b with common vertices v
in such a way that b ⊂ Oib for some ib, choosing also for each vertex v and index iv so
that v ∈ Oiv . Then
H(ϕ) = exp
[
i
∑
b
∫
b
ϕ∗Aib
]∏
v∈b
givib(ϕ(v)) , (2.6)
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where the product
∏
v∈b
is taken with the convention that the entry following it is inverted
if v is the beginning of b. Since the holonomy depends only on the isomorphism class
of L, the right hand side depends only on the class w of the local data (gij , Ai). More
generally, for arbitrary curves ϕ : ℓ→M , the parallel transport in L defines an element
in L−1ϕ(v−)⊗Lϕ(v+), where v± are the ends of ℓ, Lm denotes the fiber of L over m ∈M ,
and L−1 is the bundle dual to L. Using local sections si± such that ϕ(v±) ∈ Oi± , this
element may be represented by a number that is still given by the right hand side of
(2.6). The value of (2.6) changes now upon changing the indices i± assigned to the
endpoints of ℓ according to the identifications (2.5). It also changes when ones changes
the local data (gij , Ai) within the class w, but in the way consistent with isomorphisms
of the line bundles reconstructed from such data.
2.2 Topological actions in two-dimensional field theories
In the two dimensional field theory, for example in the WZWmodel (see [23] for another
example), one needs to make sense of action functionals written formally as
∫
φ∗d−1H
where H is a closed but (possibly) not exact real 3-form H on the target manifold M
in which the two-dimensional field φ takes values. This may be done in analogy to the
one-dimensional prescription (2.6).
Suppose that, for a sufficiently fine covering (Oi), one may choose the local data
(gijk, Aij , Bi) with the following properties:
1. gijk = g
sign(σ)
σ(i)σ(j)σ(k) : Oijk → U(1) and on Oijkl
gjkl g
−1
ikl gijl g
−1
ijk = 1 , (2.7)
2. Aij = −Aji are real 1-forms on Oij and on Oijk
Ajk −Aik +Aij = i g−1ijkdgijk , (2.8)
3. Bi are real 2-forms on Oi such that
dBi = H , (2.9)
4. on Oij ,
Bj −Bi = dAij . (2.10)
Such local data naturally restrict to finer coverings. Following [23], we shall consider
two collections of local data equivalent if, upon restriction to a common sufficiently fine
covering,
g′ijk = gijk χ
−1
jk χik χ
−1
ij , (2.11,a)
A′ij = Aij +Πj −Πi − i χ−1ij dχij , (2.11,b)
B′i = Bi + dΠi (2.11,c)
for χij = χ
−1
ji : Oij → U(1) and real 1-forms Πi on Oi. The equivalence classes
w = [gijk, Aij , Bi] may be viewed as Deligne (hyper-)cohomology classes in the degree
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three [23]. The set W (M,H) of the classes corresponding to a given closed 3-form H
is non empty if and only if 12πH is integral in the sense that all its periods over closed
3-cycles in M are integers. If this is the case then W (M,H) is a H2(M,U(1))-torsor,
with the cohomology group H2(M,U(1)) acting on W (M,H) by
(gijk, Aij , Bi) 7→ (uijkgijk, Aij , Bi) . (2.12)
If H3(M,Z) (or H2(M,Z)) is without torsion, the above action is equivalent to
(gijk, Aij , Bi) 7→ (gijk, Aij , Bi + F ) , (2.13)
where F is a closed 2-form on M . In the latter case, the class in W (M,H) does not
change if and only if 12πF is an integral 2-form. The equivalence of the two actions
follows from the isomorphism H2(M,U(1)) ∼= H2(M,R)/H2(M, 2πZ).
Let φ be a map from a compact oriented surface Σ to M . One may triangulate
Σ in such a way that for each triangle c there is an index ic such that c ⊂ Oic .
We shall also choose indices ib for edges b and iv for vertices v so that φ(b) ⊂ Oib
and φ(v) ∈ Oiv . The formal amplitudes ei
∫
φ∗d−1H may now be defined, as was first
proposed in [2], by
A(φ) = exp
[
i
∑
c
∫
c
φ∗Bic + i
∑
b⊂c
∫
b
φ∗Aicib
] ∏
v∈b⊂c
gicibiv(φ(v)) , (2.14)
with the similar orientation conventions as in (2.6). It is straightforward to check that
if ∂Σ = ∅ then A(φ) is independent of the choices of the triangulation and of the
assignment of the covering indices and does not change under restrictions of the local
data to finer coverings and under the equivalences (2.11).
Assume now that Σ has a boundary ∂Σ = ⊔
s
ℓs with the boundary components
ℓs that may be parametrized by the standard circle S
1. In this case the expression
(2.14) still does not change if one modifies the triangulation and the index assignment
in the interior of Σ, but it does change if the changes concern the boundary data. One
may abstract from those changes a definition of a hermitian line bundle L over the
space LM of loops in M (or over the quotient of the latter by orientation-preserving
reparametrizations) in such a way that
A(φ) ∈ ⊗
s
Lφ|ℓs . (2.15)
The transition functions of the line bundle L have been constructed in [23] where it
was also shown that L carries a natural connection whose curvature 2-form Ω is given
by
〈δ1ϕ, δ2ϕ |Ω(ϕ)〉 =
∫
ℓ
ϕ∗ι(δ2ϕ)ι(δ1ϕ)H . (2.16)
For completeness, we include the explicit expressions from [23] in Sect. 10.1. For an
equivalent choice of the local data (gijk, Aij , Bi), the bundle L changes to an isomorphic
one so that one obtains a natural map from W (M,H) to W (LM,Ω).
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2.3 Bundle gerbes with connections
As we already mentioned, there are simple geometric objects, the (hermitian line)
bundle gerbes with connection, whose appropriate isomorphism classes are described
by elements of W (M,H). Let us briefly recall this concept [35][36].
Suppose that we are given a manifold map π : Y →M which admits local sections
σi : Oi → Y over the sets of a sufficiently fine covering ofM . Let Y [n] = Y ×MY . . .×MY
denote the n-fold fiber product of Y . Y [n] = {(y1, . . . , yn) ∈ Y n |π(y1) = . . . π(yn)}.
We shall denote by π[n] the obvious map from Y [n] toM and by pn1...nk the projection of
(y1, . . . , yn) to (yn1 , . . . , ynk). A hermitian line bundle gerbe G over M with connection
of curvature H (shortly, a gerbe) is a quadruple (Y,B,L, µ) where
1. B is a 2-form on Y such that
dB = π∗H , (2.17)
2. L is a hermitian line bundle with a connection ∇ over Y [2] with
curvature
curv(∇) = p∗2B − p∗1B , (2.18)
3. µ is an isomorphism of hermitian line bundles with connection
over Y [3]
µ : p∗12L⊗ p∗23L −→ p∗13L , (2.19)
4. as isomorphisms of line bundles p∗12L ⊗ p∗23L ⊗ p∗34L and p∗14L
over Y [4]
µ ◦ (µ ⊗ id) = µ ◦ (id⊗ µ) . (2.20)
The 2-form B is called the curving of the gerbe. The isomorphism µ defines a structure
of a groupoid on L with the bilinear product µ : L(y1,y2)⊗L(y2,y3) → L(y1,y3). The asso-
ciativity of the product is guaranteed by (2.20). The bundle L restricted to the diagonal
composed of the elements (y, y) may be naturally trivialized by the choice of the units
of the groupoid multiplication and µ determines a natural isomorphism between κ∗L
and L−1, where κ(y1, y2) = (y2, y1). In order to elucidate the abstract definition copied
from [35] (except for fixing the curving B of the gerbe), let us immediately provide
examples.
First, for an exact 3-form H = dB, the quadruple (M,B, M [2]×C, · ) with Y =M ,
with the trivial bundle L over M [2] ∼= M , and with µ determined by the product of
complex numbers, is a gerbe with curvature H.
Given a map π : Y → M admitting local sections and a hermitian line bundle
N over Y with connection of curvature F , a simple example of a gerbe is provided
by G
N
= (Y, F, p∗1N−1⊗ p∗2N, µ) with µ given by the obvious identification between
(N−1y1 ⊗Ny2)⊗(N−1y2 ⊗Ny3) and N−1y1 ⊗Ny3 . This is a gerbe with the vanishing curvature.
Following [35][36], we shall call gerbes G
N
trivial. Trivial gerbes are useful to recognize
when a bundleN is isomorphic to a pullback π∗P of a hermitian bundle with connection
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on M. This is the case if and only if there exists a unit length flat section D (called a
descent data) of the trivial gerbe G
N
bundle p∗1N−1⊗ p∗2N over Y [2] such that
µ(D ◦ p12 ⊗D ◦ p23) = D ◦ p13 . (2.21)
D(y1, y2) : Ny1 → Ny2 defines then an equivalence relation on ⊔y∈π−1(m)Ny . Taking
Pm as the set of the equivalence classes, one obtains canonically a bundle P and an
isomorphism of N with π∗P . We shall say that P is obtained from N and D by the
descent principle.
The next example will be central to our application of gerbes. Let (gijk, Aij , Bi)
be local data on M as described in the previous subsection. Take for Y the disjoint
union ⊔
i
Oi with π(x, i) = x. Then Y
[n] = ⊔
(i1,...,in)
Oi1...in and the projections pn1...nk
are the inclusions of Oi1...in into Oin1 ...ink . We take as L the trivial hermitian line
bundle Y [2] × C. The connection on L will be given by ∇ = d + 1iAij on Oij and
the isomorphism µ by the multiplication by gijk on Oijk. The relation (2.17) is then
assured by (2.9) and the equality (2.18) by (2.10). That µ preserves the connections
follows from (2.8) and its associativity (2.20) is a consequence of (2.7).
Conversely, given a gerbe, one may define local data (gijk, Aij , Bi) the following
way. One first chooses local sections σi : Oi → Y that induce local sections σi1...in ≡
(σi1 , . . . , σin) of Y
[n] defined on intersections Oi1...in . If the covering ofM is sufficiently
fine, one may also choose unit length sections sij : σij(Oij)→ L so that sji = s−1ij ◦ κ.
One defines the local data (gijk, Aij , Bi) by the relations
Bi = σ
∗
iB , (2.22,a)
σ∗ij(∇sij) = 1iAij sij ◦ σij , (2.22,b)
µ ◦ (sij ◦ σij ⊗ sjk ◦ σjk) = gijk sik ◦ σik . (2.22,c)
Properties (2.9) and (2.10) follow from (2.17) and (2.18). Equation (2.8) arises by
covariantly differentiating (2.22,c) along directions tangent to σijk(Oijk) with the use
of relations p12 ◦ σijk = σij etc. and of the fact that µ preserves the connections.
Finally, the cocycle condition (2.7) follows from the associativity (2.20). For a trivial
gerbe G
N
, we may take sij = (χ
−1
ij ◦ π[2])(s−1i ⊗ sj), where si are unit length sections
si : σi(Oi)→ N and χij = χ−1ji : Oij → U(1). One obtains then the local data
(χ−1jk χik χ
−1
ij , Πj −Πi − i χ−1ij dχij , dΠi) , (2.23)
where Πi is defined by the relation σ
∗
i (∇si) = 1iΠi si ◦ σi.
Let us show that the class w ∈ W (M,H) of the local data (gijk, Aij , Bi) depends
only on the gerbe G and not of the choices of local sections used in the construction
of the data. First, restricting the sections σi and, accordingly, sij to a finer covering
produces the restriction of the local data to that covering which, by definition, does not
change the class in W (M,H). For two choices of local sections, one may assume that
they have been already restricted to a common covering with the sets Oi sufficiently
small. One has then to compare the local data induced by the two families of sections
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σi, sij and σ
′
i, s
′
ij. Let σ˜i = (σi, σ
′
i) : Oi → Y [2] and let si : σ˜i(Oi)→ L be unit length
sections of L. The relations
(si ◦ σ˜i)−1(sij ◦ σij)(sj ◦ σ˜j) = χij s′ij ◦ σ′ij , (2.24)
where on the left hand side the sections of L are multiplied using µ, define U(1)-valued
functions χij = χ
−1
ji on Oij . Let Πi be 1-forms on Oi given by
σ˜∗i∇si = 1i Πi si ◦ σ˜i . (2.25)
Relation (2.11,c) follows then from (2.18) and (2.22,a). Similarly, identity (2.11,b) is a
consequence of (2.22,b), (2.24) and the fact that µ commutes with the covariant deriva-
tion. Finally, the associativity of the product defined by µ together with (2.22,c) and
(2.24) implies (2.11,a). This shows that the local data (gijk, Aij , Bi) and (g
′
ijk, A
′
ij , B
′
i)
define the same class w ∈ W (M,H) which, consequently, depends only on the gerbe
G. We shall denote this class by w(G). Clearly, the class of the gerbe constructed from
the local data (gijk, Aij , Bi) is the class of those data.
It is natural to inquire when two gerbes G = (Y,B,L, µ) and G′ = (Y ′, B′, L′, µ′) on
M with curvature H define the same class w ∈W (M,H). A sufficient condition is that
Y = Y ′, B = B′ and that there exists a bundle isomorphism ι : L→ L′ preserving the
remaining structures. We shall call such gerbes isomorphic. It is clear, however, that
this is not a necessary condition. For example, two gerbes constructed from equivalent
local data on different open coverings of M define the same class in W (M,H) but
may have spaces Y and Y ′ with different numbers of components. The appropriate
geometric notion of a stable isomorphism of gerbes was introduced in [36]. It provides
a necessary and sufficient condition for the equality w(G1) = w(G2). We shall describe
it now.
Let G = (Y,B,L, µ) be a gerbe and let ω : Z → M be another map with local
sections. Given also a map σ : Z → Y commuting with the projections on M , the
pullback gerbe σ∗G will be defined as (Z, σ∗B,σ[2]∗L, σ[3]∗µ). It has the same curvature
as G. For two gerbes with the same Y , one may define their tensor product by taking the
tensor product of the hermitian line bundles with connections over Y [2] and the tensor
product µ ⊗ µ′ as the groupoid multiplication. The curvings and the curvatures add
under such operation. Let G = (Y,B,L, µ) and G′ = (Y ′, B′, L′, µ′) be two arbitrary
gerbes over M . Take Z = Y ×M Y ′ and let σ : Z → Y and σ′ : Z → Y ′ be the
projections on the components in Y ×M Y ′. By definition, gerbes G and G′ are stably
isomorphic if there exists a line bundle N over Z and a line bundle isomorphism
σ[2]
∗
L⊗ p∗1N−1 ⊗ p∗2N ι−→ σ′[2]
∗
L′ (2.26)
defining an isomorphism between the gerbes σ∗G ⊗ G
N
and σ′∗G′. In particular, this
requires that the curvature F of N be equal to σ′∗B′ − σ∗B. The stable isomorphism
of gerbes is an equivalence relation.
The line bundle isomorphism ι will be called the stable isomorphism between G
and G′. In general, it is not unique. If ι′ is another stable isomorphisms between
G and G′ corresponding to line bundles N ′ over Z then it necessarily differs from ι
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by an isomorphism between the trivial gerbes G
N
and G
N′
. Such an isomorphism
defines descent data for the bundle N−1 ⊗ N ′ so that, canonically, N ′ ∼= N ⊗ ω∗P
for a bundle P on M . Since N and of N ′ have the same curvatures, P has to be a
flat bundle. Conversely, the gerbes G
N
and G
N′
for N ′ = N ⊗ ω∗P are canonically
isomorphic if P is a flat bundle on M .
Remark. It is easy to see that any pullback gerbe σ∗G is stably isomorphic to G.
Indeed, taking as the bundle N over Z ⊗M Y the pullback of L by the map σ × Id
from Z ⊗M Y to Y [2], we observe that the groupoid multiplication µ defines a stable
isomorphism
L(σ(z1),σ(z2)) ⊗ N−1(σ(z1),y1) ⊗ N(σ(z2),y2) −→ L(y1,y2) (2.27)
between σ∗G and G. In fact, two gerbes G and G′ are stable isomorphic if and only if
they become isomorphic after the pullback to a common Z (not necessarily equal to
Y ×M Y ′) and the tensor multiplication by a trivial gerbe.
Clearly, the stably isomorphic gerbes have the same curvature H. Moreover, as it
is easy to see, they give rise to the same class w ∈W (M,H). Indeed, under pullbacks
of gerbes the local data do not change if we use the local sections σ ◦ σi : Oi → Y and
sij for the gerbe before the pullback and σi : Oi → Z and sij ◦ σ[2] for the pullback
gerbe. Similarly, under tensor multiplication by a trivial gerbe, the local data change
by (2.23), hence again stay in the same class. Converse is also true: if w(G) = w(G′)
then G and G′ are stably isomorphic. To prove this, it is enough to show that any
gerbe G = (Y,B,L, µ) is stably isomorphic to the one constructed from its local data
associated to the sections σi and sij. This follows from the fact that the pullback of G
by the map σ : ⊔
i
Oi → Y equal to σi on each Oi is isomorphic to the local data gerbe,
with the corresponding line bundle isomorphism given by the sections sij (just recall
how the local data and the corresponding gerbe are defined).
Summarizing: there is a one-to-one correspondence between the cohomology
classes in W (M,H) and the stable isomorphism classes of gerbes with curvature H.
3 Gerbes on groups SU(N)
Let G be a connected, simply connected, simple compact group and let g be its Lie
algebra. We shall denote by tr the non-degenerate bilinear invariant form on g which
allows to identify g with its dual, by t the Cartan subalgebra of g, by r the rank of g,
by ∆ the set of the roots α, by φ the highest root, by α∨ and φ∨ the coroots, by eα
the step generators corresponding to roots α, by αi, α
∨
i , λi, and λ
∨
i for i = 1, . . . , r, the
simple roots, coroots, weights and coweights and by Q, Q∨, P and P∨ the corresponding
lattices. In particular,
gC = tC ⊕
(
⊕
α∈∆
Ceα
)
(3.1)
is the root decomposition of the complexification of g. The standard normalization
of tr requires that the long roots have length square 2 so that α∨ = 2α/trα2. The
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highest root φ = φ∨ =
∑
k∨i α
∨
i , where k
∨
i are the dual Kac labels. The dual Coxeter
number h∨ = 1 +
∑
k∨i . The positive Weyl chamber CW ⊂ t is composed τ ∈ t such
that tr ταi ≥ 0 for each i and the positive Weyl alcove AW is its subset restricted by
the additional equality tr τφ ≤ 1. It is the r-dimensional simplex in t with vertices 0
and 1k∨
i
λi.
On G we shall consider the unique up to normalization left- and right-invariant real
closed 3-form
H =
1
12π
tr (g−1dg)3 . (3.2)
It will be convenient to parametrize the Lie algebra and the Lie group elements using
the adjoint action of G. Elements in g and in G may be written, respectively, as
γ τγ−1 and γ e2πiτγ−1 (3.3)
for some γ ∈ G and τ ∈ t. The group elements γ are determined up to the right
multiplication by γ0 in the isotropy subgroups G
0
τ and Gτ composed of elements of G
commuting with τ and with e2πiτ , respectively. Clearly, G0τ ⊂ Gτ . The subgroups G0τ
and Gτ are connected. They correspond to the Lie subalgebras g
0
τ and gτ of g with
complexifications
g0τ
C
= tC ⊕
(
⊕
α∈∆0τ
Ceα
)
, gCτ = t
C ⊕
(
⊕
α∈∆τ
Ceα
)
, (3.4)
where
∆0τ = {α ∈ ∆ | tr τα = 0 } , ∆τ = {α ∈ ∆ | tr τα ∈ Z } . (3.5)
The sets of Lie algebra and group elements (3.3) with fixed τ form, respectively, the
(co)adjoint orbit Oτ ⊂ g and the conjugacy class Cτ ⊂ G. We have
Oτ ∼= G/G0τ and Cτ ∼= G/Gτ (3.6)
so that Oτ and Cτ are connected and simply connected.
The choice of τ in the parametrizations (3.3) may be fixed if we demand that τ ∈ CW
or τ ∈ AW , respectively. Consider the open subsets U0 ⊂ g and O0 ⊂ G composed of
elements of the form (3.3) for τ ∈ AW such that tr τφ < 1. They are related by the
exponential map g ∋ X 7→ e2πiX ∈ G. Using the parametrization (3.3) it is easy to see
that the exponential map is injective on U0 because G
0
τ = Gτ if tr τφ < 1. Indeed, the
last inequality implies that trαφ < 1 for all positive roots. Similarly one shows that the
derivative of the exponential map is invertible on U0. It follows that the exponential
map is a diffeomorphism between U0 and O0. Composing the latter with the homotopy
(t,X) 7→ tX of U0 and using the Poincare Lemma, one may obtain a 2-form B0 on O0
such that dB0 = H. Explicitly, in the parametrization (3.3),
B0(γ e
2πiτγ−1) = Q(γ e2πiτγ−1) + i tr τ(γ−1dγ)2 , (3.7)
where
Q(γ e2πiτγ−1) = 1
4π
tr (γ−1dγ) e2πiτ (γ−1dγ) e−2πiτ . (3.8)
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These 2-forms will be the building blocks for the local data of a gerbe on G with
curvature H for G = SU(N).
The group SU(N) has rank r = N − 1. It is simply laced so that αi = α∨i and
λi = λ
∨
i . For the Cartan subalgebra composed of the diagonal su(N) matrices, we may
take
αi = diag(0, . . . , 1,−1, . . . , 0) , (3.9,a)
λi = diag(
N−i
N
, . . .
N−i
N
,
−i
N
, . . . ,
−i
N
) (3.9,b)
with 1 and the last N−iN at the (i − 1)th place counting from zero. The highest root
is φ = diag(1, 0, . . . , 0,−1), the Kac labels are k∨i = 1 and the dual Coxeter number
is equal to N . The center of SU(N) is composed of the elements zi = e
2πiλi for
i = 0, 1, . . . , r, where we set λ0 = 0. Let us consider the sets Oi = ziO0 ⊂ SU(N). We
may define 2-forms Bi on Oi by the pullback of B0 from O0 :
Bi(g) = B0(z
−1
i g) . (3.10)
Clearly, dBi = H. If g = γ e
2πiτγ−1 then z−1i g = γ e
2πi(τ−λi)γ−1. For each i there is
an element wi in the normalizer N(T ) ⊂ G of the Cartan subgroup T ⊂ G such that if
τ ∈ AW then also wi(τ − λi)w−1i ≡ σi(τ) is in AW . Explicitly, the element wi induces
the Weyl group transformations
diag(a0, . . . , ar) 7→ wi diag(a0, . . . , ar)w−1i
= diag(ai, . . . , ar, a0, . . . , ai−1) (3.11)
and σi(λj) = λ[j−i], where [j − i] = (j − i) modN . It follows that
z−1i γ e
2πiτγ−1 = γ e2πi(τ−λi)γ−1 = γ w−1i e
2πi σi(τ)wi γ
−1 . (3.12)
Substituting into (3.7) and (3.8), we obtain
Bi(γ e
2πiτγ−1) = Q(γ e2πiτγ−1) + i tr (τ − λi)(γ−1dγ)2 . (3.13)
The sets Oi are composed of group elements g such that τ ∈ AW and tr ταi > 0 in
the parametrization (3.3). For such τ , Gτ = G
0
τ−λi . In terms of the eigenvalues of the
unitary matrices g given by the entries of e2πi τ = diag(e2πi a0 , . . . , e2πi ar) such that
a0 ≥ · · · ≥ ar and a0− ar ≤ 1, the sets Oi are defined by the inequality ai > ai+1 and
O0 by a0 − ar < 1. Clearly, G = ∪
i=0,1,...r
Oi .
In the first step in the construction of the gerbe on SU(N) with curvature H we
set
Y = ⊔
i=0,1,...,r
Oi and B|Oi = Bi . (3.14)
As discussed before, the fiber products Y [n] = ⊔Oi1...in . To continue the construction
of the gerbe, note that on the intersections Oij that form Y
[2] (with i, j = 0, 1, . . .),
(Bj −Bi)(γ e2πiτγ−1) = −i tr λij(γ−1dγ)2 , (3.15)
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where λij ≡ λj − λi. The expression on the right hand side coincides with the one
for the Kirillov-Kostant symplectic form F
λij
on the (co)adjoint orbit O
λij
passing
through λij . More exactly, there is a map Oij ∋ g → ρij(g) ∈ Oλij such that
Bj −Bi = ρ∗ij Fλij . (3.16)
This map is defined as follows. For g ∈ Oij , there exist two Lie algebra elements
Xi, Xj ∈ U0 such that z−1i g = e2πiXi and z−1j g = e2πiXj . Then ρij(g) = Xi − Xj.
Explicitly, if g = γ e2πiτγ−1 then, as may be seen from (3.12), Xi = γw−1i σi(τ)wiγ
−1 =
γ(τ − λi)γ−1 and similarly for Xj . Hence
ρij(γ e
2πiτγ−1) = γ λijγ−1 . (3.17)
Another way to see that the map (3.17) is well defined is to check that if tr ταi > 0
and tr ταj > 0 for τ ∈ AW then the isotropy subgroup Gτ necessarily is contained in
the isotropy subgroup G0λij . Since for i < j
λij = diag(
i−j
N
, . . . ,
i−j
N
i times
,
N+i−j
N
, . . . ,
N+i−j
N
(j−i) times
,
i−j
N
, . . . ,
i−j
N
(N−j) times
) , (3.18)
the isotropy subgroup G0λij is composed of block matrices γ0 that preserve the sub-
space Vij ⊂ CN of vectors with vanishing first i and last N − j coordinates and its
orthogonal complement. The coadjoint orbit O
λij
∼= G/G0λij may be identified with
the Grassmannian Grij of (j−i)-dimensional subspaces γ(Vij) in CN with γ ∈ SU(N).
The Kirillov-Kostant theory [30][31] provides an explicit construction of a hermitian
line bundle L
λ
over the coadjoint orbit O
λ
with connection of curvature F
λ
, provided
that λ is a weight which holds for λ = λij . The bundle is obtained by dividing the
trivial line bundle over G by the equivalence relation
L
λ
= (G×C)/∼
λ
, (3.19)
where
(γ, ζ) ∼
λ
(γγ0, χλ(γ0)
−1ζ) , (3.20)
for γ0 ∈ G0λ . We shall denote the corresponding equivalence classes by [γ, ζ]λ . Above,
χ
λ
: G0
λ
→ U(1) stands for the group homomorphism (character) such that
∂t|t=0 χλ(eitX0) = i tr λX0 (3.21)
for X0 ∈ g0λ . Existence of χλ is guaranteed if λ is a weight. The formula
∇ = d + trλ(γ−1dγ) (3.22)
defines a connection in the trivial bundle over G that descends to the bundle L
λ
. The
curvature of that connection is equal to Fλ = −i trλ(γ−1dγ)2. For i < j,
χ
λij
(γ0) = det(γ0|Vij ) . (3.23)
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We shall also use an alternative description of the bundle L
λij
. Let, for i < j, Eij
be the tautological vector bundle over the Grassmannian Grij whose fiber at γ(Vij) is
this very subspace in CN . Clearly, Eij is a (j− i)-dimensional subbundle of the trivial
bundle Grij ×CN from which it inherits the hermitian structure. It may be equipped
with the connection
∇ = P
γ(Vij )
d (3.24)
where P
γ(Vij )
= γ P
Vij
γ−1 denotes the orthogonal projection in CN on γ(Vij). The line
bundle L
λij
may be identified with the top exterior power ∧j−iEij of the bundle Eij
by the mapping
[γ, ζ]
λ
7−→ ζ γei ∧ . . . ∧ γej−1 , (3.25)
where el, l = 0, 1, . . . , r, are vectors of the canonical basis of C
N . It is easy to see that
this mapping is compatible with the equivalence relation (3.20) and that it preserves
the connection if we equip ∧j−iEij with the one inherited from Eij .
We may perform now the next step in the construction of the gerbe G = (Y,B,L, µ)
on SU(N) with Y and B given by (3.14). We shall define the line bundle L with
connection over Y [2] = ⊔Oij by
L|
Oij
:= ρ∗ijLλij . (3.26)
Equation (3.16) guarantees that the curvature of L satisfies requirement (2.18). We
still have to construct the isomorphism µ providing L with the groupoid structure. It
will be given by the isomorphisms between the bundles on the triple intersections Oijk
µijk : ρ
∗
ijLλij ⊗ ρ∗jkLλjk −→ ρ
∗
ikLλik . (3.27)
We may assume that i < j < k. Then the isomorphism µijk is determined by the
natural map
(γei ∧ . . . ∧ γej−1)⊗ (γej ∧ . . . ∧ γek−1)
7−→ γei ∧ . . . ∧ γej−1 ∧ γej ∧ . . . ∧ γek−1 (3.28)
and the associativity (2.20) becomes obvious.
This ends the construction of the gerbe G = (Y,B,L, µ) on the special unitary
group SU(N). Since H2(G,U(1)) = {1} for simply connected groups, G is, up to
stable isomorphism, a unique gerbe on SU(N) with curvature H given by (3.2). The
tensor powers Gk = (Y, kB,Lk, µk) of G for k ∈ Z give the gerbes on SU(N) with
curvature kH, again unique up to stable isomorphism. In particular, G−1 is the gerbe
dual to G (µ−1 is the inverse of the transpose of µ).
4 Gerbes on groups covered by SU(N)
Let us consider now the case of non-simply connected groups G′, quotients of simply
connected groups G by a subgroup Z of their center. The closed 3-form H of (3.2)
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descends from G to G′ to a 3-form H ′ and we shall be interested in the gerbes on
G′ with curvature proportional to H ′. We shall restrict ourselves to the case when
G = SU(N) and G′ = SU(N)/Z, where Z is a cyclic group of order N ′ such
that N = N ′N ′′. More explicitly, Z = {za |N ′′ divides a}. As was shown in [17],
the forms 12πkH
′ on SU(N)/Z are integral for even k if N ′ is even and N ′′ is odd
and for integer k in the other cases. In the present Section, we shall construct the
corresponding gerbes G′k on G′. Not surprisingly in view of the discussion in Appendix
1 of [17], the construction reduces to solving a simple cohomological problem in the
group cohomology of Z ∼= ZN ′ , see Appendix A for a brief summary on discrete group
cohomology. The resulting gerbe will still be unique up to stable isomorphism since
H2(G′, U(1)) = {1} in the case at hand.
We shall take Y ′ = ⊔Oi with Oi the open subsets of SU(N) constructed before.
π′ will be the natural projection from Y ′ on the quotient group SU(N)/Z. For the
curving of the gerbe G′k, we shall take the 2-form B′ equal to kBi on Oi, see (3.10).
We have
Y ′[n] = { ((g, i), (z−1a1 g, i′1), . . . , (z−1an−1g, i′n−1)) | zam ∈ Z } , (4.1)
for g ∈ Oi i1...in−1 , where im = [i′m + am]. We may then identify
Y ′[n] ∼= ⊔
a1,..an−1
⊔
i,i1,..,in−1
Oi i1..in−1 . (4.2)
The hermitian line bundle L′ with connection over Oij ⊂ Y ′[2] should have the curva-
ture
p∗2(kBj′) − p∗1(kBi) = kBj − kBi = −ik trλij(γ−1dγ)2 (4.3)
in the parametrization g = γ e2πiτγ−1. We set
L′|Oij = ρ∗ij Lkλij (4.4)
where L
λij
is the line bundle over the coadjoint orbit O
λij
described in the previous
section and ρij(γ e
2πiτγ−1) = γ λijγ−1. Recall that the elements in Lkλij may be viewed
as equivalence classes [γ, ζ]
kλij
, see (3.20)
In the next step we should construct the isomorphism µ′ of line bundles over Y ′[3]
defining the groupoid multiplication in L′, see (2.19). The elements in p∗12L′ over
g ∈ Oijl ⊂ Y ′[3] with j = [j′ + a] and l = [l′ + b] are given by the classes [γ, ζ]kλij .
Those in p∗13L′ by the classes [γ, ζ]kλil . As for the elements of p
∗
23L
′, they correspond to
the classes [γw−1a , ζ]kλ
j′[l−a]
since z−1a g = γw−1a e2πiσa(τ)waγ−1, see (3.12), and zbz−1a =
z[b−a]. The isomorphism µ′ has then to be given by
µ′
(
[γ, ζ]
kλij
⊗ [γw−1a , ζ ′]kλ
j′[l−a]
)
= [γ, uijl ζζ
′]
kλil
(4.5)
for U(1)-valued functions uijl on Oijl whose dependence on a and b has been sup-
pressed in the notation. These functions must be constant for µ′ to preserve the
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connections. Note that µ′ depends on the choice of matrices wa defined up to the mul-
tiplication by elements of the Cartan subgroup T . The latter dependence may, however,
be absorbed in the choice of uijl.
As we show in Appendix B by a direct verification, the associativity of the product
defined by µ′ imposes the condition
uj′[l−a][n−a] u
−1
iln uijn u
−1
ijl = χkλl′[n−b]
(wb w
−1
a w
−1
[b−a]) . (4.6)
Upon taking i = j′ = l′ = n′ = 0 and setting u0ab ≡ ua[b−a], relation (4.6) reduces
(upon the shift b 7→ [a+ b], c 7→ [a+ b+ c] ) to the condition
ubc u
−1
[a+b]c ua[b+c] u
−1
ab = χkλc (w[a+b] w
−1
a w
−1
b ) ≡ Uabc (4.7)
which may be interpreted in terms of the discrete group cohomology H∗(Z, U(1)) with
coefficients in U(1), see Appendix A. The U(1)-valued 3-cochain (Uabc) on the cyclic
group Z satisfies the cocycle condition
Ubcd U
−1
[a+b]cd Ua[b+c]d U
−1
ab[c+d] Uabc = 1 (4.8)
easy to verify with the use of the relation
χ
kλd
(wc t w
−1
c ) = χkλ[c+d]
(t) χ−1
kλc
(t) (4.9)
holding for t ∈ T . The condition (4.7) requires that (Uabc) be a coboundary. This
does not have to be always the case since H3(Z, U(1)) ∼= ZN ′ , see Appendix A. Given
a solution (uab) of (4.7),
uijl = ua[b−a] χkλ
l′
(wbw
−1
a w
−1
[b−a]) (4.10)
solves (4.6), as a straightforward check with the use of (4.9) shows.
We still have to study when (4.7) may be satisfied. In the action on the vectors of
the canonical bases of CN , the matrices wa take the form wael = ua e[l−a], where ua
are diagonal matrices such that det(ua) = (−1)a(N−a) assuring that det(wa) = 1. In
particular, we may take ua proportional to the unit matrix:
ua =
{
1 for N ′ odd or N ′′ even ,
(−1)N
′′
N′
a′(N ′−a′) for N ′ even and N ′′ odd ,
(4.11)
where a = a′N ′′ (here and below, (−1)x ≡ eπix). For that choice,
w[a+b]w
−1
a w
−1
b =
{
1 ,
(−1)N
′′
N′
ma′b′ ,
(4.12)
respectively, for ma′b′ = (a
′ + b′)(N ′ − a′ − b′) − a′(N ′ − a′) − b′(N ′ − b′) and the
associativity condition (4.7) becomes
ubc u
−1
[a+b]cua[b+c] u
−1
ab =
{
1 ,
(−1)k(N
′′)2
N′
ma′b′ c
′
.
(4.13)
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and may be solved by taking
uab =
{
1 for N ′ odd or N ′′ even ,
(−1)− k(N
′′)2
N′
a′(N ′−a′)b′ for N ′ even, N ′′ odd and k even .
(4.14)
There is no solution for N ′ even and N ′′ and k odd.
This ends the construction of the gerbes G′k on SU(N)/Z with curvature kH ′ for
all the values of k where the latter is an integral 3-form. Clearly, G′k ∼= G′1k for N ′ odd
or N ′′ even and G′k ∼= G′2k/2 for N ′ even and N ′′ odd.
5 Gerbes on discrete quotients
The above construction provides an illustration of a more general one of gerbes on
spaces of orbits of a discrete group. The general case, that we shall briefly discuss in
the present section which is somewhat parenthetical with respect to the main course of
the exposition, sheds more light on the appearance of discrete group cohomology (the
so called ”discrete torsion” [42]), as was noticed first in [39].
Suppose that G is a gerbe on M with curvature H and that a finite group Γ acts on
M preserving H. We may ask the question if the action preserves G in the sense that
for each γ ∈ Γ the gerbe γG = (Yγ , B, L, µ), where Yγ = Y as the space but has the
projection on M replaced by γ ◦ π, is stably isomorphic to G. Recall that this means
that there exists a hermitian line bundle N
γ
over Zγ = Y ×M Yγ with connection of
curvature F
γ
such that
σ∗γB = σ
∗B + F
γ
(5.1)
with σ, σγ denoting the projections from Zγ to Y and Yγ , and that there exists an
isomorphism
ιγ : σ
[2]∗L⊗ p∗1(N
γ
)−1 ⊗ p∗2N
γ −→ σ[2]γ
∗
L (5.2)
of hermitian line bundles with connection that preserves the groupoid multiplication.
In particular,
L
(y1,y2)
⊗ (N γ )−1
(y1,y
′
1
)
⊗N γ
(y2,y
′
2
)
ιγ−→ L
(y′
1
,y′
2
)
. (5.3)
if π(y1) = π(y2) = γ π(y
′
1) = γ π(y
′
2). For γ = 1 one may take N
1 = L and ι1 defined
by µ.
Suppose now that Γ acts without fixed points so that M/Γ is non-singular. We
would like to construct a gerbe G
Γ
= (Y
Γ
, B
Γ
, L
Γ
, µ
Γ
) on M/Γ with the curvature
equal to the projection H ′ of H. We shall set YΓ = Y with the projection πΓ on M/Γ
given by the composition of π : Y →M with the canonical projection on the quotient
space. The curving B
Γ
will be taken equal to B. Note that
Y [2]
Γ
= ⊔
γ∈Γ
Zγ . (5.4)
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Let us take
LΓ|Zγ = N
γ ⊗ π∗
1
P
γ
, (5.5)
where P
γ
is a flat line bundle on M and π1(y, y
′) = π(y). Relation (5.1) assures then
that the curvature of L
Γ
is related to the curving by (2.18).
We still have to define the groupoid multiplication µ
Γ
in L
Γ
that is an isomorphism
of line bundles over
Y [3]
Γ
= ⊔
γ1,γ2∈Γ
{ (y, y′, y′′ ∈ Y 3 | π(y) = γ1π(y′), π(y′) = γ2π(y′′) } . (5.6)
On the (γ1, γ2) component of Y
[3]
Γ
,
µ
Γ
: p∗
12
N
γ1 ⊗ π∗
1
P
γ1 ⊗ p∗
23
N
γ2 ⊗ π∗
2
P
γ2 −→ p∗
13
N
γ1γ2 ⊗ π∗
1
P
γ1γ2
, (5.7)
where πn = π ◦ pn . A necessary condition for existence of µΓ is that the bundle
p∗
12
(N
γ1
)−1 ⊗ p∗
23
(N
γ2
)−1 ⊗ p∗
13
N
γ1γ2 ≡ R˜γ1,γ2 (5.8)
be isomorphic to a pullback π∗
1
R
γ1,γ2 of a flat bundle over M . That this condition is
fulfilled may be seen the following way. First note that the map ιγ of (5.3) defines
isomorphisms
(N
γ
)
(y1,y
′
1
)
−→ N γ
(y2,y
′
2
)
⊗ L
(y1,y2)
⊗ L−1
(y′
1
,y′
2
)
. (5.9)
Combining the latter with the groupoid multiplication in L one obtains canonical iso-
morphisms between the fibers of the bundle R˜
γ1,γ2 over the triples (y1, y
′
1, y
′′
1) and
(y2, y
′
2, y
′′
2 ) in Y
[3]
Γ
with the same projections on M . Such isomorphisms define the
descent data for the bundle R˜
γ1,γ2 , see the discussion around (2.21). The existence of
canonical bundle R
γ1,γ2 and of the canonical isomorphism R˜
γ1,γ2 ∼= π∗
1
R
γ1,γ2 follows
then by the descent principle. Besides, there exists a canonical isomorphism
R
γ1,γ2 ⊗Rγ1γ2,γ3 ∼= Rγ1,γ2γ3 ⊗ (γ−11 )∗R
γ2,γ3
, (5.10)
as may be easily seen on the level of R˜ bundles.
To construct isomorphisms µ
Γ
of (5.7) becomes then equivalent to specifying a
family of isomorphisms ιγ1,γ2 of flat bundles over M
ιγ1,γ2 : P
γ1 ⊗ (γ−11 )∗P
γ2 → P γ1γ2 ⊗Rγ1,γ2 . (5.11)
The associativity of µ
Γ
becomes the condition
ιγ1γ2,γ3 ιγ1,γ2 = ιγ1,γ2γ3 (γ
−1
1 )
∗ιγ2,γ3 (5.12)
for isomorphisms between the bundles P
γ1 ⊗ (γ−11 )∗P
γ2 ⊗ (γ−11 )∗(γ−12 )∗P
γ3 and the
target bundles
P
γ1γ2γ3 ⊗Rγ1,γ2 ⊗Rγ1γ2,γ3 and P γ1γ2γ3 ⊗Rγ1,γ2γ3 ⊗ (γ−11 )∗R
γ2,γ3
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naturally identified due to (5.10).
Given a family ιγ1,γ2 of isomorphisms (5.11) such that (5.12) holds, we may obtain
another family by multiplying ιγ1,γ2 by an U(1)-valued 2-cocycle uγ1,γ2 satisfying
uγ1,γ2 uγ1γ2,γ3 u
−1
γ1,γ2γ3
u−1
γ2,γ3
= 1 . (5.13)
The new family gives another solution for associative µ
Γ
. The coboundary choice
uγ1,γ2 = vγ1γ2 v
−1
γ1 v
−1
γ2
with U(1)-valued vγ leads to an isomorphic gerbe on M/Γ
whereas the choices leading to non-trivial elements of H2(Γ, U(1)) may give stably
non-isomorphic gerbes.
The construction of gerbes G′k on SU(N)/Z in the preceding section is an illus-
tration of the general procedure described here, as we explain in detail in Appendix
C.
Although above we have assumed that Γ acts without fixed points on M , the above
construction still goes through for general orbifolds provided that we redefine the spaces
Y
[n]
Γ as
Y
[n]
Γ := { (y, y1, γ1, . . . , yn−1, γn−1) | π(y) = γmπ(ym) } , (5.14)
i.e. keeping track of γm ∈ Γ (which could be recovered from ym’s for free action of Γ).
The resulting “orbifold gerbes” provide a natural tool for the treatment of strings on
orbifolds in the background of closed 3-forms, see also [40].
6 Bundle gerbes and loop-space line bundles
The construction of the amplitudes A(φ) described in Sect. 2.2 with the use of the local
data may be easily translated to the language of gerbes. In particular, the construction
of an isomorphism class of hermitian line bundles with connection over the loop space
LM from a class w ∈W (M,H) may be lifted to a canonical assignment of a hermitian
line bundle with connection to a gerbe on M . In the present subsection, we shall
describe those constructions that gain in simplicity when formulated with use of gerbes.
Let G = (Y,B,L, µ) be a gerbe onM with curvature H and, as before, σi : Oi → Y
be local sections. Let φ be a map from a compact surface Σ to M . For a sufficiently
fine triangulation of Σ and a label assignment (c, b) 7→ (ic, ib) such that φ(c) ⊂ Oic
and φ(b) ⊂ Oib , let us set
φc = σic ◦ φ|c , φb = σib ◦ φ|b , φcb = σicib ◦ φ|b , (6.1)
the latter for b ⊂ c. These are lifts to Y or to Y [2] of restrictions of φ to the elementary
cells. Denoting by H( · ) the parallel transport in L, we define:
A(φ) = exp
[
i
∑
c
∫
c
φ ∗cB
]
⊗
b⊂c
H(φcb) . (6.2)
Since H(φcb) ∈ ⊗
v∈∂b
L(yc,yb) , where yc = φc(v) and yb = φb(v) (with the convention that
the dual fiber is taken if v is the beginning of b),
A(φ) ∈ ⊗
v∈b⊂c
L(yc,yb) . (6.3)
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The point is that if ∂Σ = ∅ then there is a canonical isomorphism, defined by the
gerbe multiplication µ, between the line in (6.3) and the complex line C so that the
amplitude A(φ) may be naturally interpreted as a number. Indeed, fixing a vertex v
and going around as in Fig. 1,
c
. .
.
.
bc
b1
b c
b1
2 3 3
4
cn 4
Fig. 1
c2
b5bn
we gather the contribution
L(yb1 ,yc1)
⊗ L(yc1 ,yb2) ⊗ · · · ⊗ L(ycn ,yb1) (6.4)
to the line in (6.3) which is trivialized by subsequent application of µ. That the result
does not depend on where we start numbering the cells may be seen by choosing yv ∈ Y
with π(yv) = φ(v) and inserting L(ybr ,yv) ⊗ L(yv,ybr ) ∼= C at every second place in the
chain (6.4). We may now use µ to trivialize the blocks
L(yv ,ybr ) ⊗ L(ybr ,ycr ) ⊗ L(ycr ,ybr+1) ⊗ L(ybr+1 ,yv) . (6.5)
It is easy to check that the number obtained for A(φ) coincides with the one defined
by the expression (2.14) with the use of the local data obtained from the sections σi
and sij. We give the proof in Appendix D. From the results of [23], it follows now that
A(φ) does not depend on the choices of the local sections σi, of the lifts φc, φb and φcb,
nor of the triangulation of Σ. Additionally, A(φ) is invariant under the composition
of φ with orientation-preserving diffeomorphisms of Σ and it goes to its inverse for
diffeomorphisms reversing the orientation.
Suppose now that ∂Σ = ⊔ℓs. Consider the same expression (6.2). Proceeding as
before, we may canonically reduce the line in (6.3) to
⊗
s
⊗
v∈b⊂ℓs
L(yv,yb) , (6.6)
see Fig. 2 which replaces Fig. 1 in the boundary situation.
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sl
Let, for a closed loop ϕ : ℓ→M and a sufficiently fine split of ℓ,
Lϕ = ⊗
v∈b⊂ℓ
L(yv,yb) (6.7)
with yv ∈ Y such that π(yv) = v, and yb = ϕb(v), where ϕb lift ϕ|b to Y . Let us show
that the lines (6.7) are canonically isomorphic for different choices of yv and ϕb. Let
ϕ′b and y
′
v, y
′
b = ϕ
′
b(v) be another choice. Note that the parallel transport in L along
(ϕb, ϕ
′
b) : b→ Y [2] defines a canonical trivialization of the line ⊗
v∈b⊂ℓ
L(yb,y′b). Similarly,
the line ⊗
v∈b⊂ℓ
L(y′v ,yv) is canonically trivial since each factor is accompanied by its dual.
Using also the product µ, we obtain a chain of canonical isomorphisms
⊗
v∈b⊂ℓ
L(yv,yb)
∼= ⊗
v∈b⊂ℓ
(
L(y′v,yv) ⊗ L(yv ,yb) ⊗ L(yb,y′b)
) ∼= ⊗
v∈b⊂ℓ
L(y′v,y′b) . (6.8)
Associativity of µ assures that the resulting isomorphisms are transitive so that we
may free ourselves from the choice of local lifts in the definition of Lϕ by passing to
equivalence classes of elements related by the isomorphisms (6.8). Similarly, if we pass
to a finer split of ℓ and use the restrictions of maps ϕb to the new intervals, setting also
yv = ϕb(v) for new vertices in the interior of the old intervals, then the net result on Lϕ
is to add trivial factors on the right hand side of (6.7). Dropping them is compatible
with isomorphisms (6.8). In order to loose memory of the split used in (6.7), one
may then define the projective limit L(G)ϕ over trivializations of the lines obtained for
fixed trivializations. All in all, we obtain this way a canonical hermitian line bundle
L(G) over the loop space LM . Note that, by construction, L(G)ϕ is invariant under
orientation-preserving reparametrizations of ℓ and that the change of orientation gives
rise to the dual line.
Comparing the lines (6.6) and (6.7) we infer that if ∂Σ = ⊔ℓs then the amplitude
(2.14) may be canonically defined as an element of the product of lines of L(G) :
A(φ) ∈ ⊗
s
L(G)φ|ℓs . (6.9)
The hermitian line bundle L(G) may be equipped with a (hermitian) connection such
that the parallel transport along the curve in the loop space LM defined by φ : [0, 1]×
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ℓ → M is given by A(φ). The curvature of this connection is equal to the 2-form
Ω on LM defined in (2.16), The amplitudes A(φ) for arbitrary surfaces Σ provide a
generalization of the parallel transport in the loop space.
How does the line bundle L(G) and the amplitude A(φ) depend on the gerbe?
First, the line bundles L(G) and L(σ∗G), where σ∗G is a pullback gerbe, are canonically
isomorphic. Second, an isomorphism between gerbes G1 and G2 induces an isomorphism
of the bundles L(G1) and L(G2). Third, the line bundle L(G1 ⊗ G2) is canonically
isomorphic to L(G1)⊗ L(G2). Finally, for a trivial gerbe GN ,
Lϕ = ⊗
v∈b⊂ℓ
(
N−1yv ⊗Nyb
) ∼= ⊗
v∈b⊂ℓ
Nyb
∼= C (6.10)
where the last isomorphism is given by the parallel transport in N along ϕb. It follows
that a stable isomorphism between gerbes induces an isomorphism of the corresponding
line bundles over LM . If the gerbe G is constructed from the local data then L(G) is
canonically isomorphic to the line bundle L over LM constructed from the local data
described in Section. 10.1.
In the language of the trivialization (6.10), the isomorphism between the lines Lϕ
corresponding to the isomorphic trivial gerbes G
N′
and G
N
for N ′ ∼= N ⊗ π∗P with
P a flat bundle on M is given by the multiplication by the holonomy of P along
ϕ. It follows that the change of stable isomorphism between two gerbes obtained by
composition with the isomorphism between the trivial gerbes G
N
and G
N′
multiplies
the isomorphism of the line bundles over LM by the holonomy of P .
7 Gerbes and branes
We have shown in the previous section that, given a gerbe G = (Y,B,L, µ) on M
of curvature H, the formal amplitudes ei
∫
φ∗d−1H of a classical fields φ : Σ → M
defined on the worldsheet Σ with boundary may be given sense as elements in the
tensor product of lines of the line bundle L(G) canonically associated to G, see (6.9). In
general, L(G) is a non-trivial bundle so that the amplitude cannot be naturally defined
as numbers. Suppose, however, that the field φ is restricted by the boundary conditions
φ(ℓs) ∈ Ds ⊂M , (7.1)
forcing its values on the boundary loops ℓs of Σ to belong to submanifolds Ds of M .
Suppose moreover that Ds are chosen so that the line bundle L(G) restricted to the
space LDs of loops in Ds becomes trivial. Upon a choice of trivializations of L(G)|LDs ,
the amplitude A(φ) may then be assigned a numerical value. Note that it is not
necessary to require that the trivializations of L(G)|
LDs
flatten the connection.
Let us assume that a submanifold D ⊂ M is such that the restriction of the 3-
form H to D is exact: H|
D
= dQ. To the 2-form Q, we may associate a gerbe
K = (D,Q,D × C, · ) over D with curvature H|
D
. Note that the corresponding
hermitian line bundle L(K) over LD is trivial but that its connection has a non-
trivial curvature if H|
D
6= 0. A natural way to assure the triviality of the restricted
bundle L(G)|
LD
and to provide for its trivializations is to assume that the restriction
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G
D
= (Y
D
, B
D
, L
D
, µ
D
) of the gerbe G to D, where Y
D
= π−1(D), B
D
= B|
Y
D
etc.,
is stably isomorphic to the gerbe K. Explicitly, this means that there exist: a line
bundle N over Y
D
with connection of curvature F such that
B
D
+ F = π∗
D
Q (7.2)
and an isomorphism
ι : L|
Y
[2]
D
⊗ p∗1N
−1⊗ p∗2N → Y [2]D ×C (7.3)
of line bundles with connection over Y [2]
D
, compatible with the groupoid multiplica-
tion. By definition, a brane D of G with support D and curving Q is the quadruple
(D,Q,N, ι). We shall consider two branes represented by collections (D,Q,N, ι) and
(D,Q,N ′, ι′) equivalent if the line bundles N and N ′ are isomorphic and ι and ι′ are
intertwined by the induced isomorphism of the trivial gerbes (note that such isomor-
phism is not unique). Non-equivalent branes with fixed support and curving correspond
to N ′ ∼= N ⊗ π∗
D
P , where P is a non-trivial flat bundle over D. A choice of N and
ι induces canonically an isomorphism between L(G)|
LD
and the trivial hermitian line
bundle L(K), see (6.10), with equivalent choices leading to the same isomorphism. Non-
equivalent choices give rise to isomorphisms differing by multiplication by holonomy in
a flat line bundle P over D.
Given a gerbe G with curvature H, we may ask which submanifolds D with H|
D
=
dQ support branes with curving Q. The obstructions to stable isomorphism of the
gerbes G
D
and K lie in the cohomology group H2(D,U(1)) that acts freely and tran-
sitively on the set W (D,H|
D
) of stable isomorphism classes of gerbes on D with
curvature H|
D
. If the obstruction vanishes, then the cohomology group H1(D,U(1))
(the group of isomorphism classes of flat hermitian bundles on D) acts freely and tran-
sitively on the set of equivalence classes (moduli) of branes D with curving Q supported
by D. We shall see this in work in the next two sections.
Let IM be the space of open curves (strings) ϕ : [0, π]→M and G = (Y,B,L, µ)
a gerbe on M with curvature H. The same construction that associated to G a line
bundle with connection over the loop space LM , when applied to open curves, induces
a hermitian line bundle with connection N over the space
Y = { (ϕ, y0, y1) ∈ IM × Y 2 |π(y0) = ϕ(0), π(y1) = ϕ(π) } . (7.4)
The line bundle N is composed from the fibers Lϕ of (6.7), with all the identifications
as before except that one has to keep the memory of yv = y0 and yv = y1 for the end
point vertices. The parallel transport in N along a curve in IM is still determined
by the amplitude A(φ) defined by (6.2) for φ : [0, 1] × [0, π] → M . The curvature of
N is given by the closed 2-form
Ω
IM
(ϕ, y0, y1) = Ω(ϕ) + B(y0) − B(y1) , (7.5)
on Y, where Ω defined by (2.16) with ℓ = [0, π].
Given two branes D0 and D1 with supports D0 and D1 of gerbe G, we may consider
in the space IM of open strings the subspace
I
D0D1
M = {ϕ : [0, π]→M | ϕ(0) ∈ D0, ϕ(π) ∈ D1} . (7.6)
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A slight modification of the construction described above permits now to define over
I
D0D1
M a hermitian line bundle L
D0D1
(G) ≡ L
D0D1
with connection by setting
(LD0D1 )ϕ = (N0)y0 ⊗ Lϕ ⊗ (N1)−1y1 , (7.7)
where Lϕ is given by (6.7). Due to the isomorphism (7.3), the lines obtained this
way are canonically isomorphic also for different choices of y0 and y1, giving rise upon
their identification to the fibers of L
D0D1
. A choice of equivalent branes leads to to
(non-canonically) isomorphic bundles. The parallel transport in LD0D1 is determined
by
A
D0D1
(φ) = A(φ) ⊗
(
⊗
b⊂ℓs
Hs(φb)
)
(7.8)
for φ : [0, 1]× [0, π]→M , where ℓs denotes the piece of the boundary of [0, 1]× [0, π]
mapped into Ds for s = 0, 1, Hs(φb) stands for the parallel transport in Ns along a
lift φb of φ|b to Y and A(φ) is given by (6.2). The curvature of LD0D1 is given by
the 2-form on I
D0D1
M
Ω
D0D1
= Ω + e∗1Q1 − e∗0Q0 , (7.9)
where Ω is as in (7.5) and es are the evaluation maps,
ϕ
e0−→ ϕ(0) , ϕ e1−→ ϕ(π) . (7.10)
l l
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More generally, suppose that φ : Σ → M satisfies the boundary conditions (7.1)
for ℓs being closed disjoint subintervals of the boundary loops of Σ, see Fig. 3. Then
the amplitude defined by (7.8) satisfies
A
(Ds)
(φ) ∈
(
⊗
(s,s′)
(L
DsDs′
)
φ|ℓ(s,s′)
)
⊗
(
⊗
m
L
φ|ℓm
)
, (7.11)
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where ℓ(s,s′) are the boundary intervals bordering ℓs and ℓs′ and ℓm are the boundary
loops that do not contain intervals ℓs. The curves φ|ℓ
(s.s′)
stretch between the sub-
manifolds Ds and Ds′ and the line bundles LDsDs′ correspond to that geometry. The
expression (7.8) generalizes the definition of the amplitude of a field to the case when
local boundary conditions are imposed on pieces of the boundary of Σ.
In the quantum field theory, the amplitudes A
D0D1
(φ) are “summed” (with addi-
tional scalar weights) over all fields satisfying the boundary conditions (7.1) resulting,
at least formally, in a vector in the tensor product of Hilbert spaces of states, see
Sect. 10 below. To each interval ℓ(s,s′) there corresponds a factor HDsDs′
, the Hilbert
space of states of the string stretching between the branes Ds and Ds′ and to each ℓm
a factor H, the closed string space of states. Geometrically, spaces HD0D1 are formed
of sections of the corresponding line bundles LD0D1 and the space H of sections of L
(more precisely, they are Hilbert space completions of spaces of sections). Even without
going into the detailed construction of such spaces of states, the geometric classification
of branes discussed above allows to obtain the spectrum of branes. We shall illustrate
that in the next section on the example of the SU(N) WZW theory and of its versions
with groups covered by SU(N).
8 Branes in the WZW model
In the WZW model, the candidate for the simplest form of the boundary condition
that guarantees the conservation of half of the current algebra symmetries is to require
that the values of the field g : Σ → G on the boundary loops ℓs ⊂ ∂Σ belong to the
conjugacy classes Cτs ⊂ G. The closed 3-form H of (3.2) becomes exact when restricted
to a conjugacy class: H|Cτ = dQτ , where Qτ is given by the expression (3.8) with
constant τ . The preservation of the current algebra symmetries requires that one sticks
to that choice (or to its multiplicities) for the curving of branes supported by Cτ , see [1]
or [26]. Now it is easy to check for which conjugacy classes the restriction of the gerbe
on G with curvature kH is stably isomorphic to the gerbe K = (Cτ , kQτ , Cτ ×C, · ).
8.1 SU(N) groups
Recall that for G = SU(N), the gerbe Gk = (Y, kB,Lk, µk) with curvature kH
(unique, up to stable isomorphism) has Y =
r⊔
i=0
Oi. We shall choose a coadjoint orbit
Cτ and denote Z = π−1(Cτ ) = YCτ , where π is the projection from Y to SU(N).
Thus Z = ⊔Zi where Zi = Cτ ∩ Oi. Since the sets Oi ⊂ SU(N) are invariant under
conjugations, Zi are either empty or equal to Cτ . Let ω = π|Z and σ : Z → Y be the
natural inclusion. We have to compare the restriction of the gerbe Gk to Cτ with the
pullback gerbe σ∗K. On Zi the difference of the two curvings kQτ − kBi|Cτ ≡ Fτi
has the form
Fτi(γ e
2πiτγ−1) = −ki tr (τ − λi)(γ−1dγ)2 , (8.1)
see (3.13). If the two gerbes Gk|Cτ and K are stably isomorphic then the closed forms
Fτi must be curvature forms of hermitian line bundles N |Zi and hence 12πFτi must be
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integral. This condition is equivalent to the requirement that kτ be a weight. Indeed,
in our case, Zi = Cτ may be identified with the coadjoint orbits Ok(τ−λi) by the maps
γ e2πiτγ−1 7→ γ k(τ − λi) γ−1 since the isotropy groups satisfy Gτ = G0τ−λi . Upon
this identification, Fτi becomes the Kirillov-Kostant symplectic form and integrality
of 12πFτi requires that k(τ − λi) be a weight.
In the latter case, the line bundles N |Zi may be taken to be the pullbacks of the
Kirillov-Kostant bundles Lk(τ−λi) by the identification of Zi with Ok(τ−λi). Since the
conjugacy classes are simply connected, the resulting line bundle N over Z is unique
up to isomorphism. The mapping
[γ, ζ]kλij ⊗ [γ, ζ ′]−1k(τ−λi) ⊗ [γ, ζ
′′]k(τ−λj)
ι7−→ (y1, y2, ζζ ′ζ ′′) (8.2)
for y1 = (g, i), y2 = (g, j) and g = γ e
2πiτγ−1 ∈ Cτ , which is well defined because
χkλij (γ0)χ
−1
k(τ−λi)(γ0)χk(τ−λj)(γ0) = 1 for γ0 ∈ Gτ , determines then the unique iso-
morphism (7.3) that commutes with the groupoid multiplication. It provides a stable
isomorphism between the gerbes Gk|Cτ and K. Other choices of N and ι lead to equiv-
alent branes in the present case. We thus obtain for the SU(N) WZW model a family
of branes labeled by the weights λ ∈ kAW , supported by the conjugacy classes Cτ
with λ = kτ . The weights in the dilated Weyl alcove kAW are called “integrable at
level k” [29] and they also label the irreducible highest-weight representations of the
level k current algebra and the bulk primary fields of the model with conformal weights
h(λ) = trλ(λ+2ρ)2(k+h∨) .
8.2 Groups covered by SU(N)
We shall consider branes supported by the conjugacy classes in G′ = SU(N)/Z for
Z ∼= ZN ′ . Each conjugacy class in G′ is an image under the canonical projection
from G = SU(N) to G′ of a conjugacy class Cτ ⊂ G with τ ∈ AW . Recall that
the elements zi of the center of SU(N) act on AW by τ 7→ σi(τ). The conjugacy
classes Cσa(τ) in G for different za ∈ Z project to the same class in G′. This way
the conjugacy classes in G′ may be labeled by the Z-orbits [τ ] of elements in AW .
We shall denote the class in G′ corresponding to [τ ] by C′[τ ]. For any τ ∈ [τ ], C′[τ ]
may be canonically identified with Cτ/Zτ , where Zτ is the subgroup of Z leaving τ
unchanged (it depends only on the orbit [τ ]). The 3-form H ′ restricted to C′[τ ] still
satisfies H ′|C′
[τ ]
= dQ′τ , with Q′τ denoting the the projection of Qτ to the quotient
space Cτ/Zτ and defining a 2-form on C′[τ ] that does not depend on τ ∈ [τ ]. We
obtain then the gerbe K′ = (C′[τ ], kQ′τ , C′[τ ] ×C, · ) on C′[τ ].
Let us consider the space Z ′ = π′−1(C ′[τ ])) = ⊔
τ∈[τ ]
⊔
i
Zτi , with Zτi = Cτ ∩ Oi. Let
σ′ : Z ′ → Y ′ be the inclusion map and ω′ = π′|Z′ . We have to compare the restriction
to C′[τ ] of the gerbe G′k = (Y ′, B′, L′, µ′) on G′ constructed in Section 4 to the pullback
gerbe σ′∗K′. Over Zτi the difference of the curvings is Fτi, see (8.1), and the existence
of the stable isomorphism between the two gerbes requires again that kτ be a weight,
similarly as in the simply connected case. Let N ′ denote the line bundle over Z ′ that
over Z ′τi coincides with the pullback of the Kirillov-Kostant bundle Lk(τ−λi) by the
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identification of Zτi with the coadjoint orbit Ok(τ−λi). In order to construct the primed
version of the bundle isomorphism (7.3), let us consider the pairs (y1, y2) ∈ Z ′[2] with
y1 = (g, i), y2 = (z
−1
a g, j
′)), g = γ e2πiτγ−1, z−1a g = γw−1a e2πiσa(τ)waγ−1 and the
mapping
[γ, ζ]kλij ⊗ [γ, ζ ′]−1k(τ−λi) ⊗ [γw
−1
a , ζ
′′]k(σa(τ)−λj′ )
ι′7−→ (y1, y2, vτ,a ζζ ′ζ ′′) , (8.3)
where j = [j′ + a] and vτ,a ∈ U(1). Note that ι′ is well defined since the isotropy
subgroups satisfy
Gτ = G
0
τ−λi = G
0
τ−λj = w
−1
a G
0
σa(τ)−λj′wa ⊂ G
0
λij
and for γ0 ∈ Gτ , the product χkλij(γ0)χ−1k(τ−λi)(γ0)χk(σa(τ)−λj′ )(wa γ0w−1a ) is equal to
1 since χk(σa(τ)−λj′ )(wa γ0w
−1
a ) = χk(τ−λj)(γ0).
We have to choose vτ,a so that the isomorphism ι
′ of hermitian line bundles with
connections preserves also the groupoid multiplication. Let
Vτ,ab = χkσ[a+b](τ)(w[a+b]w
−1
a w
−1
b )uab , (8.4)
where (uab), a solution of (4.7), enters via (4.10) the definition of the groupoid mul-
tiplication µ′, see (4.5). As we prove in Appendix E, the requirement to preserve the
groupoid multiplication imposes the cohomological relation
Vτ,ab = vσa(τ),b v
−1
τ,[a+b] vτ,a . (8.5)
In Appendix F, we show that the 2-cochain (Vτ,ab) on Z ∼= ZN ′ with values in the
group U(1)
[τ ]
of U(1)-valued functions on the Z-orbit [τ ] is a 2-cocycle, i.e. that
Vσa(τ),bc V
−1
τ,[a+b]c Vτ,a[b+c] V
−1
τ,ab = 1 . (8.6)
Equation (8.5) requires that it be a coboundary, i.e. that it defines a trivial element in
the cohomology group H2(Z, U(1)[τ ]). This always holds since H2(Z, U(1)[τ ]) = {1},
see Appendix A.
The multiplication of a solution of (8.5) by 1-cocycles (v′τ,a) satisfying the relation
v′σa(τ),b v
′
τ,[a+b]
−1 v′τ,a = 1 gives all other solutions. Solutions differing by 1-boundaries
v′′σa(τ)v
′′
τ
−1 lead to equivalent branes and the set of equivalence classes of branes sup-
ported by C′[τ ] forms a H1(Z, U(1)
[τ ]
)-torsor. Since H1(Z, U(1)[τ ]) ∼= Zτ , see Appendix
A, and Zτ ∼= H1(C′[τ ], U(1)) and describes the moduli of flat line bundles on C′[τ ], this
agrees with the general result about the classification of branes, see Sect. 7. Let Zτ
be a cyclic subgroup of Z of order n′ and let n′′ and m′′ be such that n′n′′ = N ,
n′m′′ = N ′ and n′′ = m′′N ′′. Explicitly,
Zτ = { za | a = a′′n′′ for a′′ = 0, 1, . . . , n′ − 1 } . (8.7)
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In order to generate all classes in H1(Z, U(1)[τ ]) it is enough to take
v′τ,a = (−1)
2ar
N (8.8)
i.e. τ -independent and equal to the characters of Z. Besides r above may be restricted
to integers between 0 and n′−1 since there exists (v′′τ ) such that (−1)
2an′
N = (−1) 2a
′
m′′ =
v′′σa(τ) v
′′
τ
−1.
It remains to describe explicitly a single solution of (8.5). Let τ0 ∈ [τ ]. Note that
kτ0 =
n′′−1∑
i′=0
ni′
n′−1∑
a′′=0
λi′+a′′n′′ (8.9)
with
n′′−1∑
i′=0
ni′ =
k
n′ so that n
′ has to divide k. The complicated case is when N ′ is
even and N ′′ is odd and we shall deal with it first. Here, for kn′ odd, n
′ must be even
since k is necessarily even. Let us choose the elements wa ∈ SU(N) inducing the
Weyl group transformations as at the end of Sect. 4. Let for u ∈ U(1),
χλ(u) = u
N−1∑
i=0
ini
if λ =
∑
i
niλi , (8.10,a)
ψ(a, b) = χ−1kλa(ub) ·
{
1 for kn′ even ,
(−1)− abn′′ for kn′ odd ,
(8.10,b)
where ua ∈ U(1) are given by (4.11). The first formula may be viewed as extending
characters χλ to constant diagonal U(N)-matrices. The following properties of ψ(a, b)
are straightforward to verify:
ψ(a+ n′′, b) = ψ(a, b +N) = ψ(a, b) , (8.11,a)
ψ(0, b) = 1 , ψ([a+ b], c) = ψ(a, c)ψ(b, c) , (8.11,b)
ψ(a, [b+ c])−1 ψ(a, b)ψ(a, c) = χkλa(u[b+c]u
−1
b u
−1
c ) . (8.11,c)
To each fixed weight λ0 = kτ0 with τ0 ∈ [τ ], we may assign a solution (vλ0τ,a) of (8.5)
given by
vλ0τ0,a = χ
−1
kτ0
(ua) χkλa(ua) ·
{
1 for kn′ even ,
(−1) a
2
2n′′ for kn′ odd ,
(8.12,a)
vλ0σc(τ0),a = ψ(c, a)
−1 vλ0τ0,a . (8.12,b)
We shown in Appendix G that (vλ0τ,a) solves indeed (8.5) for N
′ even and N ′′ odd. For
N ′ odd or N ′′ even, since Vτ,ab = 1, we may take the trivial solution of (8.5) vλ0τ,a = 1
(with a superfluous dependence on λ0).
As we mentioned above, a general solution of (8.5) is obtained by multiplying the
particular solution (vλ0τ,a) by (v
′
τ,a) of (8.8). The bundle isomorphisms ι
′ obtained this
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way determine stable isomorphisms between the restriction of gerbe G′k to C′[τ ] and gerbe
K′. Consequently, they determine the branes (C′[τ ], kQ′τ , N ′, ι′) supported by the
conjugacy class C′[τ ] in SU(N)/Z. As discussed in Sect 7, using the above structure,
one may define the Wess-Zumino amplitudes (7.11) for the fields φ : Σ → SU(N)/Z
satisfying boundary conditions (7.1) on subintervals of the boundary.
Note that the solutions (vτ,a) of (8.5) differing by 1-coboundaries (v
′′
σa(τ)
v′′τ
−1)
and giving rise to equivalent branes coincide for a ∈ Zτ . Conversely, two solutions
coinciding on Zτ necessarily differ by a 1-coboundary (v′′σa(τ)v′′τ
−1). Indeed, they differ
by a 1-cocycle (v′τ,a) such that v′τ,a = 1 for a ∈ Zτ . Setting v′′τ0 = 1 for fixed τ0 ∈ [τ ]
and v′′σa(τ0) = v
′
τ0,a assures then that v
′
τ,a = v
′′
σa(τ)
v′′τ
−1. Hence there is a one-to-one
correspondence between the moduli of branes supported by C′[τ ] and the restrictions of
the solutions (vτ,a) of (8.5) to a ∈ Zτ . The latter may be taken as products of the
restrictions to Zτ of the special solutions (vλ0τ,a) assigned to λ0 = kτ0 with τ0 ∈ [τ ]
by characters ψλ0 of Zτ given by the right hand side of (8.8) with a ∈ Zτ . As follows
from (8.12), two pairs (λ0, ψλ0) and (λ
′
0, ψ
′
λ′0
) give rise to the same restricted solution
if
λ′0 =
bλ0 and ψλ′0(a) = φλ0(b, a) ψλ0(a) , (8.13)
with bλ0 = kσ
−1
b (τ0) and
φλ0(b, a) = ψ(b, a) v
λ0
τ0,a/v
λ′0
τ ′0,a
. (8.14)
Note that for any b ∈ Z, φλ0(b, a) must be a character of Zτ in its dependence on a
and that it satisfies a cocycle condition φλ0(b, a)φbλ0(c, a) = φλ0([b+ c], a).
The upshot of the above discussion is that the set of moduli of symmetric branes
in the SU(N)/Z WZW theory may be identified with the set of equivalence classes
[λ0, ψλ0 ] where λ0 runs through the integrable weights and ψλ0 through the characters
of Zτ0 for λ0 = kτ0, with the equivalence relation given by (8.13). This description of
branes, obtained here from the Lagrangian considerations, agrees with the description
of symmetric branes in simple current extension conformal field theories conjectured
in [20][41]. The general classification of the branes proposed there, basing on consis-
tency considerations, involves equivalence classes of primary fields and characters of
their “central stabilizers” that, for the SU(N) WZW theory, reduce to the ordinary
stabilizers Zτ in the simple current group Z. The cocycle φλ0(b, a) is not unique. If
we multiply the special solution (vλ0τ,a) by a λ0-dependent character ρλ0(a) of Z, then
φλ0(b, a) 7−→ φλ0(b, a) ρλ0(a)/ρbλ0(a) . (8.15)
As we show in Appendix H, upon an appropriate choice of ρλ0(a), φλ0(b, a) may be
reduced to 1. In other words, it is possible to choose the solution (vλ0τ,a) so that, when
restricted to Zτ , it does not depend on λ0.
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9 Partition functions
Among the elementary quantum amplitudes of the WZW model are the partition func-
tions. We shall describe them here in the simplest geometries: those of a torus for
the bulk theory and of annulus for the boundary one, relating in the latter case the
Lagrangian description with the use of gerbes to what was known from previous work.
Although we shall concentrate on the example of the WZW model based on groups
covered by SU(N), the general picture should be similar for other WZW models.
9.1 Bulk case
The toroidal level k partition functions are formally given by the functional integral
over the toroidal amplitudes
Z(τ) =
∫
e−Sσ(φ) A(φ) Dφ , (9.1)
where fields φ map the torus Tτ = C/(2πZ + τZ) with the modular parameter τ
from the upper half plane1 to the group G, the sigma model action functional
Sσ(φ) =
k
4πi
∫
tr (φ−1∂φ)(φ−1∂¯φ) , (9.2)
and the amplitude A(φ) is obtained with the use of gerbe on G with curvature kH.
In the Hamiltonian language,
Z(τ) = tr
H
e2πiτ (L0−
c
24
)−2πiτ¯(L¯0− c24 ) , (9.3)
where H is the closed-string Hilbert space composed of sections of the bundle L over
the loop group LG, operators L0, L¯0 are the Virasoro generators and c =
k dim(G)
k+h∨ is
the Virasoro central charge of the theory. For the connected, simply-connected simple
compact groups,
H ∼= ⊕
λ
V̂λ ⊗ V̂λ , (9.4)
where the sum is over the integrable weights, i.e. such that λ ∈ kAW , and V̂λ carries the
unitary level k irreducible representation of the current algebra ĝ associated with group
G and the related action of the Virasoro algebra given by the Sugawara construction.
Integrable weights λ label the primary fields of the model with the fusion rule
λ0 ∗ λ1 =
∑
λ
N λλ0λ1 λ . (9.5)
The decomposition (9.4) implies that
Z(τ) =
∑
λ
|χ̂
λ
(τ)|2 , (9.6)
1The modular parameter, for which we use the traditional notation, should not be confused with
the Weyl alcove elements also denoted by τ in the present paper
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where χ̂
λ
(τ) = tr
V̂λ
e2πi(L0−
c
24
) are the (restricted) level k affine characters of ĝ satis-
fying
χ̂
λ
(τ) = e−2πi h(λ) χ̂
λ
(τ + 1) =
∑
λ′
Sλ
′
λ χ̂λ′ (−
1
τ
) , (9.7)
where h(λ) is the conformal weight of the primary field corresponding to λ and Sλ
′
λ =
Sλλ′ = S
λ′
λ¯
are the elements of a unitary modular matrix S which enter the Verlinde
formula for the fusion coefficients:
N λλ0λ1 =
∑
λ′
Sλ
′
λ0
Sλ
′
λ1
Sλ
′
λ
Sλ
′
0
. (9.8)
The toroidal partition functions for all connected non-simply connected simple com-
pact groups were first obtained in [17]. For G′ = SU(N)/Z with Z ∼= ZN ′ , the integer
level k ≥ 0 is restricted by the condition of integrality of the 3-form k2πH ′ which reads
kN ′
2
trλ2N ′′ =
1
2
kN ′′(N ′ − 1) ∈ Z . (9.9)
The closed string Hilbert space
H
′ ∼= ⊕
za∈Z
⊕
λ∈Ca
V̂λ ⊗ V̂aλ , (9.10)
where, as before, for integrable weights λ = kτ =
N−1∑
i=0
niλi with
∑
ni = k, the
transformed weight
a
λ = k σ−1a (τ) =
∑
niλ[i+a] , (9.11)
and where
Ca = {λ | trλλN ′′ + ka2N ′′ trλ2N ′′ ∈ Z }
= {λ | −
∑
ini
N ′
+
ka(N ′−1)
2N ′
∈ Z } . (9.12)
Consequently, the partition function
Z ′(τ) =
∑
za∈Z
∑
λ∈Ca
χ̂
λ
(τ) χ̂a
λ
(τ)
= Z ′(τ + 1) = Z ′(− 1
τ
) . (9.13)
One obtains this a way a family of modular invariant sesquilinear combinations of
characters χ̂
λ
(τ), for example for the case of the SU(2) group, the A and D series
in the ADE classification [8] of modular invariants.
The above expressions for the toroidal partition functions coincide with the ones for
the “simple current extensions” [32] of the SU(N) WZW theory by the simple current
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group Z generated by the simple current J corresponding to the integrable weight
kλN ′′ with the fusion rule
J
a′∗ λ = aλ . (9.14)
for a = a′N ′′. The restriction on the level k is expressed by demanding that the
conformal weight h(J) = k2 trλ
2
N ′′ multiplied by the order N
′ of J be an integer,
which coincides with condition (9.9). The requirement λ ∈ Ca is expressed by the
monodromy charge with respect to the simple current J and its modulo 2 refinement.
The monodromy charge
Q
J
(λ) = h(λ) + h(J)− h(J ∗ λ) mod 1
= −trλλN ′′ mod 1 =
∑
ini
N ′
mod 1 (9.15)
is an important quantity of the conformal field theory. It is conserved in fusion and it
relates the matrix elements of the modular matrix Sλλ′ along the orbits of Z :
S λaλ′ = e
2πi a′QJ(λ) Sλλ′ . (9.16)
The condition λ ∈ Ca is equivalent to demanding that
Q
J
(λ) + a′X ∈ Z , (9.17)
where
X = −k
2
trλ2N ′′ mod 1 = −kN
′′(N ′−1)
2N ′
mod 1 (9.18)
so that 2X = QJ(J) mod 1.
When h(J) = k2 trλ
2
N ′′ is an integer, the sets Ca coincide for different a and are
preserved by the action of Z on the set of integrable weights. In this case, the “pure
simple current extension” in the terminology of [32], the partition function (9.13) may
be rewritten as
Z ′(τ) =
1
N ′
∑
λ∈C0
∣∣∣ ∑
za∈Z
χ̂a
λ
(τ)
∣∣∣2 = ∑
[λ]
λ∈C0
|Zλ|
∣∣∣ ∑
λ∈[λ]
χ̂
λ
(τ)
∣∣∣2 , (9.19)
where [λ] runs through the set of the Z-orbits in the set of integrable weights and
Zλ denote the corresponding isotropy subgroups of Z (we shall use this notation also
below).
9.2 Boundary case
For the WZWmodel based on the simply-connected group G = SU(N), the open string
annular partition function corresponding to branes Ds supported by the conjugacy
classes Cτs with s = 0, 1 is formally given by the functional integral expression
ZD0D1 (T ) =
∫
e−Sσ(φ) AD0D1 (φ) Dφ , (9.20)
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where φ : [0, T ] × [0, π]→ G with
φ(t, 0) ∈ Cτ0 , φ(t, π) ∈ Cτ1 , φ(T, x) = φ(0, x) , (9.21)
i.e. φ is periodic in the time direction. In the Hamiltonian language,
Z
D0D1
(T ) = tr
H
D0D1
e−T (L0−
c
24
) , (9.22)
where the open string Hilbert space HD0D1 is composed of sections of the bundle LD0D1
over the space of open paths in G. Space HD0D1 carries a unitary representation of
the current algebra ĝ that decomposes into the irreducible representations according
to
H
D0D1
∼= ⊕
λ
W λ1λ0λ ⊗ V̂λ , (9.23)
where λs = kτs and the multiplicity spaces W
λ1
λ0λ
may be naturally identified [26][25]
with the spaces of 3-point conformal blocks of the bulk group SU(N) level k WZW
theory on the sphere with insertions of the primary fields corresponding to the integrable
weights λ0, λ¯1 and λ. In particular, the dimension of the multiplicity spaces is given
by the fusion coefficients:
dim(W λ1λ0λ) = N
λ1
λ0 λ
. (9.24)
As the result, the annular partition functions of the SU(N) WZW theory take the form
Z
D0D1
(T ) =
∑
λ
N λ1λ0 λ χ̂λ(
T i
2π
) . (9.25)
In the dual Hamiltonian description, the annular partition functions may be de-
scribed as closed string matrix elements
Z
D0D1
(T ) = <D1| e−
2π2
T
(L0+L¯0− c12 ) |D0> . (9.26)
The states |Ds> corresponding to branes Ds belong to (a completion of) the closed
string Hilbert H. They are combinations of the so called Ishibashi states |λ> repre-
senting the identity operators of the representation spaces V̂λ :
|λ> =
∑
i
eλi ⊗ eλi (9.27)
for any orthonormal basis (eλi ) of V̂λ. Explicitly [9], for the branes Ds supported by
the conjugacy classes Cτs with λs = kτs,
|Ds> =
∑
λ
Sλ
λs√
Sλ0
|λ> . (9.28)
Since
<λ| e− 2π
2
T
(L0+L¯0− c12 ) |λ′> = δλλ′ χ̂λ′ (
2πi
T
) , (9.29)
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the right hand side of (9.26) is then equal to
∑
λ′
Sλ
′
λ1
Sλ
′
λ0
Sλ
′
0
χ̂
λ′
(
2πi
T
) , (9.30)
which indeed coincides with the right hand side of (9.25) in virtue of the modular
property (9.7) of the affine characters and the Verlinde formula (9.8).
For the non-simply-connected group G′ = SU(N)/Z, the annular partition function
corresponding to branes D′s supported by the conjugacy classes C′[τs] ⊂ G′ is given by
the primed versions of (9.20) and (9.22):
Z ′
D′
0
D′
1
(T ) =
∫
e−k Sσ(φ
′) A′
D′
0
D′
1
(φ′) Dφ′ = tr
H′
D′
0
D′
1
e−T (L0−
c
24
) . (9.31)
The functional integral is now over fields φ′ : [0, T ]× [0, π]→ G′ such that
φ′(t, 0) ∈ C′[τ0] , φ′(t, π) ∈ C′[τ1] , φ′(T, x) = φ′(0, x) . (9.32)
Each φ′ may be lifted in N ′ different ways to a twisted periodic map φ : [0, T ]×[0, π]→
G such that
φ(t, 0) ∈ Cτ0 , φ(t, π) ∈ Cτ1 , φ(T, x) = za φ(0, x) (9.33)
for τs ∈ [τs] and za ∈ Zτ0 ∩Zτ1 ⊂ Z. Expressing the functional integral over fields φ′
in terms of the one over their lifts leads to a natural representation for the boundary
partition functions of G′ WZW theory which does not seem to have appeared in the
literature, although it is related to the well studied string theory construction of the
branes in orbifold theories, see e.g. [12][13]. Unlike the amplitudes A′
D′
0
D′
1
(φ′), which
are complex numbers, the ones of field φ are line-bundle valued:
A
D0D1
(φ) ∈ (L
D˜0D˜1
)
ϕ˜
⊗ (L
D0D1
)
−1
ϕ
, (9.34)
where ϕ(x) = φ(T, x), ϕ˜ = φ(0, x) = z−1a ϕ(x) and Ds are the branes of the group G
theory supported by the conjugacy classes Cτs .
How do the amplitudes A
D0D1
(φ) relate to A′
D′
0
D′
1
(φ′) ? The point is that the
bundle gerbe G′k on G′ together with the branes D′s, determine canonically for any
ϕ ∈ I
Cτ0Cτ1
, za ∈ Z, and ϕ˜ = z−1a ϕ a non-zero element
Φ(ϕ˜, ϕ) ∈ (L
D˜0D˜1
)
−1
ϕ˜
⊗ (L
D0D1
)ϕ , (9.35)
where the branes Ds = (Cτs , kQτs , Ns, ιs) are obtained by the restriction of the branes
D′s = (C′[τs], kQ′τs , N ′s, ι′s) to the conjugacy classes Cτs for τs ∈ [τs]. We shall call
such group G theory branes Ds compatible with D′s. Now, for ϕ = φ(T, · ) and
ϕ˜ = φ(0, · ), with za ∈ Zτ0 ∩ Zτs ,
A′
D′
0
D′
1
(φ′) = 〈A
D0D1
(φ) , Φ(ϕ˜, ϕ) 〉 (9.36)
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in the natural pairing. We describe a construction of the elements Φ(ϕ˜, ϕ), possessing
the multiplicative property
Φ(˜˜ϕ, ϕ˜)⊗ Φ(ϕ˜, ϕ) = Φ(˜˜ϕ,ϕ) (9.37)
for ϕ˜ = z−1a ϕ and ˜˜ϕ = z−1b ϕ˜ , in Appendix I. The construction relies on the concept
of branes as formulated in the preceding sections.
The multiplication by Φ determines an isomorphism between the line bundles
L
D˜0D˜1
and L
D0D1
covering the map z−1a ϕ 7→ ϕ between the spaces ICσa(τ0)Cσa(τ1) and
I
Cτ0Cτ1
of open paths in G. Altogether, one obtains the action of Z on the bundle
L˜′
D′
0
D′
1
= ∪
(Ds)
L
D0D1
(9.38)
where the union is taken over the branes Ds compatible with D′s, s = 0, 1. The
multiplicativity of this action follows from (9.37). The line bundle L′
D′
0
D′
1
over the
space I ′D′0D′1 of open paths in G
′ is canonically isomorphic with the quotient bundle
L˜′
D′
0
D′
1
/Z. By the formula
(aΨ)(ϕ) = Ψ(z−1a ϕ)⊗ Φ(z−1a ϕ,ϕ) , (9.39)
the action of Z may be carried to sections of the line bundle L˜′
D′
0
D′
1
in the way that
maps sections of L
D˜0D˜1
to those of LD0D1 . Finally, sections of the line bundle L′D′
0
D′
1
may be identified with sections of L˜′
D′
0
D′
1
invariant under the action of Z.
The above gives rise to the following simple picture of the open string space of
states H′
D′
0
D′
1
of the group G′ WZW theory. The maps Ψ 7→ aΨ induce the (unitary)
transformations
U(a) : H
D˜0D˜1
−→ H
D0D1
(9.40)
between the open string spaces of states of the group G WZW theory. It may be shown
that those transformations commute with the current algebra and hence also Virasoro
algebra actions. Put together, they define a representation U of the group Z in the
Hilbert space
H˜
′
D′
0
D′
1
= ⊕
τ0∈[τ0]
τ1∈[τ1]
H
D0D1
. (9.41)
When restricted to Zτ0 ∩ Zτ1 ⊂ Z, this representation acts diagonally, i.e. within the
group G open string spaces H
D0D1
with fixed Ds. The open string space states for
the group G′ theory may be naturally identified with the Z-invariant families of states
of the group G theory:
H
′
D′
0
D′
1
≃ P H˜′
D′
0
D′
1
, (9.42)
35
for
P =
1
N ′
∑
za∈Z
U(a) (9.43)
denoting for the projector on the Z-invariant subspace. The scalar product in the
space H′
D′
0
D′
1
should, however, be divided by N ′ with respect to the one inherited
from H˜′
D′
0
D′
1
to avoid the overcount.
For the annular partition function of the group G′ theory one obtains this way the
Hamiltonian expression:
Z ′
D′
0
D′
1
(T ) =
1
N ′
∑
τ0∈[τ0]
τ1∈[τ1]
∑
za∈Zτ0∩Zτ1
tr
H
D0D1
e−T (L0−
c
24
) U(a) . (9.44)
This indeed is compatible with the functional integral formula if rewrite the functional
integral over fields φ′ in (9.31) in terms of the one over fields φ using relation (9.36)
and the equality of the sigma model actions Sσ(φ
′) = Sσ(φ). The factor 1N ′ takes care
of the N ′-fold overcount due to the fact that there are N ′ fields φ corresponding to
each φ′.
The commutation of the maps U(a) of (9.40) with the the current algebra action
implies that they descend to the multiplicity spaces in the decomposition (9.23):
U(a) : W λ1λ0λ −→ W
a
λ1
aλ0λ
(9.45)
We may then rewrite expression (9.44) for the open string partition function as
Z ′
D′
0
D′
1
(T ) =
1
N ′
∑
τ0∈[τ0]
τ1∈[τ1]
∑
za∈Zτ0∩Zτ1
∑
λ
(
tr
W
λ1
λ0λ
U(a)
)
χ̂
λ
(
T i
2π
) , (9.46)
i.e. in terms of the traces of the action of simple currents on the spaces of 3-point
conformal blocks. The actions of simple currents on spaces of genus zero conformal
blocs have been defined, up to phases, in [21]. In the action (9.45), the phase freedom is
fixed by the choice of brane structures D′s on the conjugacy classes C′[τs] in G′. Under
the change of the brane structures D′s twisting the isomorphisms ι′ of (8.3) by the
multiplication of vτs,a by v
′
τs,a of (8.8) with r = rs,
Φ(ϕ˜, ϕ) 7−→ (−1) 2ar0N (−1)− 2ar1N Φ(ϕ˜, ϕ) (9.47)
inducing the transformation
U(a) 7−→ (−1) 2ar0N (−1)− 2ar1N U(a) , (9.48)
i.e. multiplying the representation U by the ratio of characters of Z.
The annular partition functions for the simple current extension conformal field
theories have been described in [20][41], see also [37]. They fit into the general scheme
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identified in [3]. In the dual Hamiltonian description they are given by the primed
version of the matrix elements (9.26). The states |D′s> in (a completion of) the closed
string boundary space H′ may now be expressed as combinations of the Ishibashi states
|λ, za>=∑ eλi ⊗ eλi in the diagonal components of H′, see (9.10). Let us denote by E
the corresponding set of labels, i.e.
E = { (λ, a) | λ ∈ Ca, za ∈ Zλ } . (9.49)
Explicitly, for the branes D′s supported by the conjugacy classes C′[τs] corresponding
to the equivalence classes [λs, ψλs ], where λs = kτs and ψλs are characters of Zτs ,
see the end of Sect. 8.2,
|D′s> =
∑
(λ,a)∈E
Ψ
(λ,a)
D′s√
Sλ0
|λ, a> (9.50)
with [20]
Ψ
(λ,a)
D′s =
√
N ′
|Zλs |
Sλλs(a) ψλs(a) . (9.51)
Here Sλλ′(a) are the matrix elements of modified unitary modular matrices non-zero
only if za ∈ Zλ ∩ Zλ′ . They satisfy the identity
S λbλ′(a) = φλ′(b, a)
−1 e2πi b
′(QJ (λ)+a
′X) Sλλ′(a) , (9.52)
see [19][20]. The last relation, together with (9.17), assures that the right hand side of
(9.51) is independent of the choice of λs ∈ [λs] if φλ(b, a) is the same as the one used
in the definition (8.13) of the equivalence classes [λs, ψλs ]. Recall that the latter was
fixed up to the transformations (8.15) with the help of which, as shown in Appendix
H, it could be reduced to 1. As described in [19], up to a phase that does not depend
on λ and λ′, the matrix elements Sλ′λ (a) are equal to the entries Sˇ
λˇ′
λˇ
of the modular
matrix of the WZW theory based on the so called ”orbit Lie algebra”. In our case
the latter theory is the level knˇ′ one with group SU(nˇ
′′), where nˇ′ is the order of the
subgroup Za of Z generated by za and N = nˇ′nˇ′′. Writing
λ =
nˇ′′−1∑
ιˇ=0
nιˇ
nˇ′−1∑
aˇ=0
λιˇ+aˇnˇ′′ (9.53)
with
nˇ′′−1∑ˇ
ι=0
nιˇ =
k
nˇ′ , the corresponding weight of the orbit Lie algebra is
λˇ =
nˇ−1∑
ιˇ=0
nιˇλˇιˇ , (9.54)
where λˇιˇ are the fundamental weights of SU(nˇ
′′). One has [19]
Sλλ′(a) = (−1)−
k((nˇ′)2−1)nˇ′′
4nˇ′ Sˇλˇ
λˇ′
. (9.55)
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In particular, Sλλ′(a) depends on a only through Za. For fixed a, the action of Z on
the integral weights λ such that za ∈ Zλ descends to the one of the quotient group
Zˇ ≡ Z/Za on the weights λˇ. The induced action is generated by the fusion with the
simple current Jˇ of the SU(nˇ′′) theory with the weight knˇ′ λˇ1. The identity (9.16) for
the orbit group implies now that for zb ∈ Z,
Sˇ λˇ
(
b
λ′)ˇ
= e 2πib QˇJˇ(λˇ) Sˇλˇ
λˇ′
. (9.56)
In Appendix H we show that
e 2πib QˇJˇ(λˇ) = e2πi b
′(QJ (λ)+a
′X) , (9.57)
so that (9.52) holds with φλ′(b, a) ≡ 1 , which is compatible with the results of Sect. 8.2.
Relations (9.50) and (9.51), with the use of (9.29) and (9.7), lead to the following
expression for the annular partition function:
Z ′
D′
0
D′
1
(τ) =
∑
λ
N D′1D′0λ χ̂λ(
T i
2π
) , (9.58)
where
N D′1D′0λ =
∑
(λ′,a)∈E
Ψ
(λ′,a)
D′
1
Ψ
(λ′,a)
D′
0
Sλ
′
λ
Sλ
′
0
=
N ′
|Zλ0 | |Zλ1 |
∑
za∈Zλ0∩Zλ1
∑
λ′∈Ca
Sλ
′
λ1
(a) Sλ
′
λ0
(a) Sλ
′
λ
Sλ
′
0
ψλ0(a)
ψλ1(a)
, (9.59)
where, again, the right hand side does not depend on the choice of λs ∈ [λs]. The
orthogonality relations [20]∑
D′
Ψ
(λ,a)
D′ Ψ
(λ′,a′)
D′ = δλλ′ δaa′ (9.60)
guarantee that the matrices Nλ = (N D
′
1
D′0λ), whose entries have to be nonnegative
integers, represent the fusion algebra [3]:∑
D′1
N D′1D′0λN
D′2
D′1λ′ =
∑
λ′′
N λ
′′
λλ′ N D
′
2
D′0λ′′ . (9.61)
Search for the representations of the fusion algebra by matrices with entries that are
nonnegative integers (the so called “NIM’s”) has been the basis of the approach to
classification of boundary conformal field theories developed in [3], see also [38].
Expressions (9.58) with (9.59) are compatible with relation (9.46) if we assume the
following formula for the traces of the action of Zλ0 ∩ Zλ1 on the spaces of 3-point
conformal blocks conjectured (up to multiplication by characters) in [19]:
tr
W
λ1
λ0λ
U(a) =
∑
λ′
Sλ
′
λ1
(a) Sλ
′
λ0
(a) Sλ
′
λ
Sλ
′
0
ψλ0(a)
ψλ1(a)
(9.62)
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Indeed, the summation of (9.62) over the weights in fixed orbits gives
∑
λ0∈[λ0]
λ1∈[λ1]
tr
W
λ1
λ0λ
U(a) =
1
|Zλ0 | |Zλ1 |
∑
λ′
∑
zb,zc∈Z
S λ
′
b
λ1
(a) S λ
′
c
λ0
(a) Sλ
′
λ
Sλ
′
0
ψλ0(a)
ψλ1(a)
. (9.63)
Note that the sum over λ′ is effectively restricted to integrable weights fixed by za.
With the use of transformation property (9.52), the sums over zb, zc may be factored
out as
∣∣∣ ∑
zb∈Z
e2πi b
′(QJ (λ
′)+a′X)
∣∣∣2. Since the sum inside that factor divided by N ′ repre-
sents the characteristic function of Ca, the identity (9.63) reduces to the relation∑
λ0∈[λ0]
λ1∈[λ1]
tr
W
λ1
λ0λ
U(a) =
(N ′)2
|Zλ0 | |Zλ1 |
∑
λ′∈Ca
S λ
′
λ1
(a) S λ
′
λ0
(a) Sλ
′
λ
Sλ
′
0
ψλ0(a)
ψλ1(a)
, (9.64)
where on the right hand side the weights λs ∈ [λs] are fixed and the sum over λ′ is
additionally constraint by the requirement λ′ ∈ Ca. Equation (9.64), when inserted
into (9.46), reproduces (9.58).
One may also consider partition functions that do not resolve different branes with
the same support. Summing Z ′
D′
0
D′
1
(τ) over the different brane structures D′0 and D′1
supported by the conjugacy classes C′[τ0] and C′[τ1], respectively, freezes za in (9.46)
to 1 and leads to the unresolved partition functions
Z ′
C′
[τ0]
C′
[τ1]
(T ) =
∑
λ0∈[λ0]
λ1∈[λ1]
|Zλ0 | |Zλ1 |
N ′
tr
H
D0D1
e−T (L0−
c
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)
=
∑
λ0∈[λ0]
λ1∈[λ1]
|Zλ0 | |Zλ1 |
N ′
∑
λ
N λ1λ0 λ χ̂λ(
T i
2π
) , (9.65)
where, as usually, λs = kτs. Rewriting the sums over the orbits [λs] as sums over the
group Z and using the symmetry of the fusion coefficients N
a
λ1
aλ0 λ
= N λ1λ1 λ, we finally
obtain
Z ′
C′
[τ0]
C′
[τ1]
(T ) =
∑
za∈Z
∑
λ
N
a
λ1
λ0 λ
χ̂
λ
(
T i
2π
) , (9.66)
where on the right hand side, λs are arbitrary elements in the Z-orbits [λs]. The
relation between the annular partition functions with resolved and unresolved branes
was discussed in [33] for the case of pure simple current extensions. The geometric
approach based on gerbes should allow to recover within the Lagrangian framework
similar relations to the ones discussed above for general orbifold conformal field theories.
10 Quantum amplitudes
The general quantum amplitudes of the WZW theory based on group G are formally
given by the functional integrals
A
(Ds)
(Σ) =
∫
e−Sσ(φ) A(Ds)(φ) Dφ (10.1)
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over fields φ : Σ → G satisfying boundary conditions (7.1) on closed disjoint subin-
tervals ℓs of the boundary loops of Σ, with the amplitude A(Ds)(φ) as in (7.11).
Accordingly, we should have
A
(Ds)
(Σ) ∈
(
⊗
(s,s′)
HDsDs′
)
⊗
(
⊗
m
H
)
. (10.2)
The (purely) open string amplitudes have no external closed string factors H (although
they may have closed strings states propagating in loops). In particular, if Σ is a disc
O and fields φ are constrained to map three disjoint subintervals of the boundary into
the supports of three branes Ds, s = 0, 1, 2, see Fig. 4,
D
D
D
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2l
0
2
1
Σ
Gl1
Fig. 4
one obtains the quantum open string amplitude
A
D0D1D2
(O) ∈ H
D0D1
⊗ H
D1D2
⊗ H
D2D0
(10.3)
that encodes the operator product expansion of the boundary operators. The functional
integral representation, together with the geometric interpretation of the relation (9.42)
between the spaces of open string states for group G and group G′ WZW models leads
to the following relation between the amplitudes (10.3) for the two cases:
A′
D′
0
D′
1
D′
2
(O) = (N ′)2 P ⊗ P ⊗ P A˜′
D′
0
D′
1
D′
2
(O) (10.4)
with P is given by (9.43) and
A˜′
D′
0
D′
1
D′
2
(O) = ⊕
(Ds)
AD0D1D2 (O) ∈ ⊕(Ds)
H
D0D1
⊗ H
D1D2
⊗ H
D2D0
⊂ H˜′
D′
0
D′
1
⊗ H˜′
D1D2
⊗ H˜′
D2D0
, (10.5)
see (9.41). The direct sums above are over branes Ds compatible with D′s, s = 0, 1, 2.
An analogous relation, with (N ′)2 replaced by (N ′)M−1, holds for the disc amplitudes
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with M subintervals mapped into brane supports. The latter amplitudes permit to
reconstruct the general open string amplitudes of the WZW theory by gluing. This
way one obtains a simple relation between the quantum open string amplitudes for the
theory based on the simply connected group G and for its simple current orbifolds.
We postpone a more detailed discussion of that point to a future publication.
11 Local constructions
Let us describe at the end the local versions of the constructions inducing from a bundle
gerbe on manifoldM various geometric structures on the spaces of closed or open curves
(strings) in M .
11.1 Closed strings
We start by recalling from [23] the construction of local data for a line bundle on LM
from local data (gijk, Aij , Bi) of a gerbe on an open covering (Oi) of M .
Given a split of the circle S1 into closed intervals b with common vertices v and an
assignment b 7→ ib and v 7→ iv , that we collectively abbreviate as I, consider the open
subset
OI = {ϕ ∈ LM | ϕ(b) ⊂ Oib , ϕ(v) ∈ Oiv} (11.1)
of the loop space LM . Sets OI for different choices of I cover LM (we may discard I
for which OI = ∅). Let us define 1-forms AI on OI ⊂ LM by
〈 δϕ, AI(ϕ) 〉 =
∑
b
∫
b
ϕ∗ ι(δϕ)Bib +
∑
v∈b
〈 δϕ(v), Aivib 〉 (11.2)
with the usual sign convention in
∑
v∈b
.
If I is the collection of (b, v, ib, iv) and J the one of (b
′, v′, jb′ , jv′ ), consider the split
of S1 into intersections b¯ of the intervals b and b
′ and denote by v¯ its vertices. The new
split inherits two label assignments from the original ones. We set
ib¯ = ib if b¯ ⊂ b , jb¯ = jb′ if b¯ ⊂ b′ ,
iv¯ =
{
iv if v¯ = v,
ib if v¯ ⊂ int(b), jv¯ =
{
jv′ if v = v
′,
jb′ if v¯ ⊂ int(b′), (11.3)
where int(b) denotes the interior of b. Let us define functions gIJ : OIJ → U(1),
gIJ(ϕ) = exp
[
i
∑
b¯
∫
b¯
ϕ∗Ajb¯ib¯
] ∏
v¯∈b¯
(
giv¯jv¯jb¯(ϕ(v¯)) / giv¯ ib¯jb¯(ϕ(v¯))
)
. (11.4)
The collection (gIJ , AI) provides local data for a hermitian line bundle L with con-
nection over LM . The curvature of L is given by the 2-form Ω on LM , see (2.16). If
(g′ijk, A
′
ij , B
′
i) are equivalent local data related to the original ones by (2.11), then
g′IJ = gIJfJf
−1
I A
′
I = AI + i f
−1
I dfI (11.5)
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for
f−1I (ϕ) = exp
[
i
∑
b
∫
b
ϕ∗Πib
] ∏
v∈b
χivib(ϕ(v)) , (11.6)
i.e. the local data (gIJ , AI) change to equivalent ones, see (2.4).
11.2 Open strings
We may apply the previous constructions to the case of open curves. Using the same
formulae (11.1), (11.2) and (11.4) to define an open covering (OI) of IM , 1-forms AI
on OI and U(1)-valued functions on OIJ , we obtain, however, a different structure.
Now on OIJK , OI and OIJ , respectively,
(gIJ g
−1
IK gIJ) = gi1j1k1 ◦ e1 /gi0j0k0 ◦ e0 ,
dAI = Ω + e
∗
0Bi0 − e∗1Bi1 ,
AJ − AI − i g−1IJ dgIJ = e∗0Ai0j0 − e∗1Ai1j1 (11.7)
with Ω given by (2.16) and es being the evaluation maps of (7.10).
Let D be a submanifold of M and let Q be a 2-form on D such that dQ = H|
D
.
Suppose, moreover, that Πi are one-forms on O¯i = Oi ∩ D and that χij = χ−1ji are
U(1)-valued functions on O¯ij such that
1. On O¯i,
Q = Bi + dΠi , (11.8)
2. On O¯ij
0 = Aij + Πj −Πi − i χ−1ij dχij , (11.9)
3. On O¯ijk,
1 = gijk χ
−1
jk χik χ
−1
ij . (11.10)
Provided that the covering (Oi) is sufficiently fine, the existence of (χij,Πi) with the
above properties is equivalent to the existence of a stable isomorphism between the
restriction to D of the gerbe G constructed from the local data (gijk, Aij , Bi) and the
gerbe on D obtained from the local data (Q|
O¯i
, 0, 1). The choice of (χij ,Πi) providing
the stable isomorphism is determined up to the local data (hij , Ri) of a flat hermitian
line bundle over D. The U(1)-valued functions fI defined on the open subsets O¯I ⊂ LD
by (11.6) satisfy now
gIJ |O¯IJ = f
−1
J fI (11.11)
and define a trivialization of the line bundle L|
LD
defined on LD from the local data
(gIJ |O¯IJ ). They permit to assign a numerical value
A
D
(φ) = A(φ) f−1I (φ|ℓ) (11.12)
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to the field φ : Σ → M if ∂Σ is composed of a single loop ℓ mapped by φ into
D. Here A(φ) is given by the expression (2.14) and the collection I is obtained by
restricting the triangulation of Σ and corresponding label assignment to the boundary
loop ℓ. The result does not depend of the choices of the triangulation of Σ neither
on the label assignments. It does not change under the passage to equivalent local
data (gijk, Aij , Bi) on M if we absorb the transformations (2.11) in the choice of
(χij ,Πi) in (11.8) to (11.10). We may, however, always modify that choice by the
local data (hij , Ri) of a flat hermitian bundle P on D. Such a modification multiplies
the amplitude A
D
(φ) by the holonomy of P along φ|ℓ. It gives the local description
of the change of the stable isomorphism between the restricted gerbe and the gerbe
constructed from the 2-form Q, as discussed in Sect. 7.
The generalization of the above discussion to the case when Σ has multiple boundary
components with φ mapping (some of) them into branes is straightforward.
Let D0 and D1 be two submanifolds of M and H|Ds = dQs with the choices of the
data (χsij ,Π
s
i ) as above for each Ds. Consider the subspace ID0D1 ⊂ IM of curves
ending on the branes, see (7.6). We may adapt the definitions (11.2) and (11.4) to the
present case by defining
ADI = AI + e
∗
0Π
0
i0 − e∗1Π0i0 ,
gDIJ = gIJ
(
χ0i0j0 ◦ e0 /χ1i1j1 ◦ e1
)
. (11.13)
One obtains this way local data (gDIJ , A
D
I ) of a hermitian line bundle LD0D1 with
connection over I
D0D1
M . The terms added in (11.2) and (11.4) are sensitive to the
modification of (χsij ,Π
s
i ) by local data of flat bundles Ps on Ds. The net result is the
multiplication of L
D0D1
by e∗0P0 ⊗ e∗1P−11 . This does not effect the curvature ΩD of
L
D0D1
given by (7.9). Upon a change to the equivalent local data (g′ijk, A
′
ij , B
′
i), the
relations (11.5) still hold for fI given by (11.6), provided we absorb the changes in the
choice of (χs′ij ,Πs
′
i ). The line bundle LD0D1 constructed from the local data (gDIJ , ADI )
is canonically isomorphic to the line bundle LD0D1 (G) for the gerbe G obtained from
the local data (gijk, Aij , Bi), provided that one uses the data (χ
s
ij ,Π
s
i ) to construct
the stable isomorphism ιs of (7.3) between the restrictions of G and Ks.
12 Conclusions
We have shown how the concept of a bundle gerbes with connection may be applied
to resolve Lagrangian ambiguities in defining sigma models in the presence of the anti-
symmetric tensor field B determined locally up to closed form contributions. This was
done both in closed string geometry and for open strings stretching between branes.
Application of that approach to the WZW models based on groups covered by SU(N)
has permitted to recover within the Lagrangian approach the classification of sym-
metric branes. It has also allowed to make precise a straightforward relation between
the quantum open string amplitudes for the WZW models based on simply connected
groups and for their simple current orbifolds. Those relations are simpler than the ones
for closed string amplitudes where the appearance of twisted sectors complicates the
analysis. They should extend to more general orbifold theories.
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There are further problems to which one may try to apply the geometric meth-
ods based on gerbes within the Lagrangian approach to conformal field theory. The
case of non-orientable worldsheets has not been discussed in the present paper. The
analysis of gerbes entering the WZW models with other groups, with applications to
the classification of symmetric and symmetry-breaking branes in general non-simply
connected groups, including the SO(2N)/Z2 case with discrete torsion, is an open
problem. Neither have the coset models been treated within this framework. Super-
symmetric extensions require a modification of the approach presented here to take
care of the fermionic anomalies [18]. Finally, the bundle gerbes should be useful in
analyzing open string models coupled to non-abelian Chan-Patton degrees of freedom,
including the fractional branes in general orbifolds [12], and in the description of the
Ramond-Ramond brane charges [4]. We plan to return to some of those issues in the
future.
Appendix A
For reader’s convenience, we gather here the basic facts about discrete group coho-
mology, see [14][11][5]. Let Γ be a discrete group with elements γ0, γ1, . . . and U an
abelian group on which Γ acts (possibly trivially). We shall use the multiplicative
notation for the product both in Γ and U and for the action of Γ on U . In our
applications, Γ will be a subgroup Z of the center of SU(N) and U will be equal to
U(1) or to the group of U(1)-valued functions on the orbit of Z in the Weyl alcove of
su(N).
In general, the abelian group Cn(Γ,U) of n-cochains on Γ with values in U is
composed of maps
Γn ∋ (γ1, . . . , γn) 7−→ uγ1,...,γn ∈ U . (A.1)
Consider the group homomorphisms d : Cn(Γ,U)→ Cn+1(Γ,U) defined by the formula
(du)γ1,...,γn+1 = (γ1uγ2,...,γn+1)
( n∏
m=1
u (−1)
m
γ1,..,γmγm+1,..,γn+1
)
u(−1)
n+1
γ1,...,γn . (A.2)
For n = 0, 1, 2, 3, the cases relevant for this paper, this gives
(du)γ = (γu)u
−1
(du)γ1,γ2 = (γ1uγ2)u
−1
γ1γ2 uγ1 ,
(du)γ1,γ2,γ3 = (γ1uγ2,γ3)u
−1
γ1γ2,γ3 uγ1,γ2γ3 u
−1
γ1,γ2 ,
(du)γ1,γ2,γ3,γ4 = (γ1uγ2,γ3,γ4)u
−1
γ1γ2,γ3,γ4 uγ1,γ2γ3,γ4 u
−1
γ1,γ2,γ3γ4 uγ1,γ2,γ3 . (A.3)
The square of d vanishes and the cohomology groups of Γ with values in U are defined
as
Hn(Γ,U) = {u ∈ C
n(Γ,U) | du = 1 }
dCn−1(Γ,U) . (A.4)
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For the special case of Γ ∼= Zp with generator γ0 and n = 1, 2, . . .,
H2n(Γ,U) ∼= {u ∈ U | γu = u for γ ∈ Γ }
{
p−1∏
r=0
(γ r0 u) | u ∈ U }
,
H2n−1(Γ,U) ∼=
{u ∈ U |
p−1∏
r=0
(γ r0 u) = 1 }
{ (γ0u)u−1 | u ∈ U } , (A.5)
see [14][11]. In particular, for the trivial action of Γ on U(1),
H2n(Γ, U(1)) ∼= {1} , H2n−1(Γ, U(1)) ∼= Zp (A.6)
and for U(1)T being the group of U(1)-valued function on the set T with the action
of Γ induced from that on T ,
H2n(Γ, U(1)T ) ∼= {1} , H2n−1(Γ, U(1)T ) ∼= ×
[τ ]∈T /Γ
Zτ , (A.7)
where Zτ denotes the stabilizer subgroup of τ ∈ T (which depends only on the Γ-orbit
[τ ] of τ).
The discrete group cohomology should be distinguished from the one for Lie groups
appearing also in the paper. The latter is defined as for general topological spaces, e.g.
by the Cˇech construction.
Appendix B
To check the associativity of the product µ′ of (4.5) over Oijln ⊂ Y ′[4] with j = [j′+a],
l = [l′ + b] and n = [n′ + c], we first calculate
µ′
(
µ′
(
[γ, ζ]kλij ⊗ [γw−1a , ζ ′]kλj′[l−a]
)
⊗ [γw−1b , ζ ′′]kλl′[n−b]
)
= µ′
(
[γ, uijlζζ
′]kλil ⊗ [γw−1b , ζ ′′]kλl′[n−b]
)
= [γ, uijluilnζζ
′ζ ′′]
kλin
. (B.1)
On the other hand, using the identity
[γw−1b , ζ
′′]kλl′[n−b] = [γw
−1
a w
−1
[b−a]w[b−a]waw
−1
b , ζ
′′]kλl′[n−b]
= [γw−1a w
−1
[b−a], χkλl′[n−b] (w[b−a]waw
−1
b ) ζ
′′]
kλ
l′[n−b]
(B.2)
that follows from the equivalence relation (3.20) since w[b−a]waw
−1
b lies in the Cartan
subgroup T , we infer that
µ′
(
[γw−1a , ζ
′]kλj′[l−a] ⊗ [γw−1b , ζ ′′]kλl′[n−b]
)
= [γw−1a , uj′[l−a][n−a] χkλ
l′[n−b]
(w[b−a]waw
−1
b ) ζ
′ζ ′′]
kλ
j′[n−a]
. (B.3)
Another application of µ′ gives then:
µ′
(
[γ, ζ]kλij ⊗ µ′
(
[γw−1a , ζ
′]kλj′[l−a] ⊗ [γw−1b , ζ ′′]kλl′[n−b]
))
45
= [γ, uijn uj′[l−a][n−a] χkλ
l′[n−b]
(w[b−a]waw
−1
b ) ζζ
′ζ ′′]
kλin
. (B.4)
Comparing (B.1) and (B.4), we find condition (4.6) for the associativity of µ′.
Appendix C
We describe here the construction of the “quotient gerbe” G′k on G′ = SU(N)/Z along
the lines of Section 5. The resulting gerbe coincides with the gerbe on G′ constructed
in Section 4.
With M = SU(N) and the gerbe Gk = (Y, kB, Lk, µk) constructed in Section 3
we shall take as Γ the subgroup Z ∼= ZN ′ of the center of SU(N) acting on M by
the (left or right) multiplication. Recall that Y =
r⊔
i=0
Oi. For γ = za ∈ Γ, where a is
divisible by N ′′ = N/N ′,
Zγ = Y ×M Yγ = { ((g, i), (z−1a g, j′)) | g ∈ Oi, z−1a g ∈ Oj′ }
∼= ⊔
i,j
Oij , (C.1)
where j = [j′ + a]. We may take the bundle N γ over Zγ to be equal to ρ∗ijL
k
λij
over
the Oij component. Since
kBj′(z
−1
a g) − kBi(g) = kBj(g) − kBi(g) = k ρ∗ijFλij (g) , (C.2)
the relation (5.1) is satisfied. The isomorphism ιγ of (5.3), upon taking
y1 = (g, i1), y2 = (g, i2), y
′
1 = (z
−1
a g, j
′
1), y
′
2 = (z
−1
a g, j
′
2) (C.3)
with g = γ e2πiτγ−1 ∈ Oi1i2j1j2 , may be defined by
ιγ
(
[γ, ζ]
kλi1i2
⊗ [γ, ζ ′]−1
kλiij1
⊗ [γ, ζ ′′]
kλi2j2
)
= [γw−1a , ζζ
′ζ ′′]
kλ
j′
1
j′
2
. (C.4)
For Y
Γ
= Y with the projection on G′ and (y, y′, y′′) ∈ Y [3]
Γ
,
y = (g, i), y′ = (z−1a g, j
′), j = [j′ + a], y′′ = (z−1b g, l
′), l = [l′ + b], (C.5)
the map
[γ, ζ]−1
kλij
⊗ [γw−1a , ζ ′]−1kλ
j′[l−a]
⊗ [γ, ζ ′′]
kλil
7−→ [g, ζ−1ζ ′−1ζ ′′, ijl] (C.6)
defines for γ1 = za and γ2 = z
−1
a zb an isomorphism between the bundle R˜
γ1,γ2 , see
(5.8), and the pullback of the flat bundle
R
γ1,γ2
=
(
⊔
i,j′,l′
Oijl ×C
)/
∼ (C.7)
over SU(N), where the equivalence relation ∼ is defined by
(g, ζ1, i1j1l1) ∼ (g, ζ2, i2j2l2) if ζ1 = ζ2 χkλ
l′
1
l′
2
(wbw
−1
a w
−1
[b−a]) . (C.8)
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For (y, y′, y′′, y′′′) ∈ Y [4]
Γ
with y′′′ = (z−1c g, n′), n = [n′ + c] and γ3 = z
−1
b zc, the
isomorphism (5.10) identifies
[g, ζ, ijl] ⊗ [g, ζ ′, iln] ∼= χkλ
l′[n−b]
(wb w
−1
a w
−1
[b−a])
· [g, ζ, ijn] ⊗ [z−1a g, ζ ′, j′[l − a][n − a]] . (C.9)
The flat bundle P
γ
will be taken trivial and the isomorphisms ιγ1,γ2 of (5.11) will be
defined by
(g, ζ) ⊗ (z−1a g, ζ ′) −→ (g, ζζ ′)⊗ [g, uijl, ijl] (C.10)
for g ∈ Oijl and uijl ∈ U(1). According to the definition of the classes [g, uijl, ijl], see
(C.10), we must have
ui2j2l2 = χkλ
l′
1
l′
2
(wb w
−1
a w
−1
[b−a]) ui1j1l1 (C.11)
for the same a and b that we suppressed in the notation for uijl. Equation (4.10) is a
special case of the above relation. Property (5.12) reduces to (4.6) which is consistent
with the transformation properties (C.11). It is then enough to consider u0ab ≡ ua[b−a]
in which case (4.6) reduces to (4.7).
Appendix D
We shall prove here that the amplitude A(φ) of equation (6.2), when interpreted as
a number following the procedure described in Sect. 6, coincides with the expression
(2.14). First, note that
∫
c
φ ∗cB =
∫
c
φ∗Bic . Next, observe that the holonomies in L are
H(φcb) = exp
[
i
∫
b
φ∗Aicib
]
⊗
v∈b
sicib(yc, yb) .
We have then to compute the numbers assigned for every vertex v to
sib1 ic1(yb1 , yc1)⊗ sic1 ib2(yc1 , yb2)⊗ · · · ⊗ sicn ib1(ycn , yb1) ,
see Fig. 1. For iv such that v ∈ Oiv and yv = σiv(φ(v)), we shall insert at every
second place in the last chain the tensor sibr iv(ybr , yv)⊗ sivibr(yv, ybr) mapped by µ to
1 ∈ L(ybr ,ybr ). This permits to split the chain to the blocks
sivibr(yv, ybr)⊗ sibr icr(ybr , ycr)⊗ sicr ibr+1(ycr , ybr+1)⊗ sibr+1 iv(ybr+1 , yv) .
The latter give rise under µ to the factors givibr icr (φ(v)) g
−1
iv ibr+1 icr
(φ(v)) which build
up the product appearing in (2.14).
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Appendix E
Let us show that the isomorphism ι′ of (8.3) between L′⊗p∗1N ′
−1⊗p∗2N ′ and the trivial
bundle Z ′[2]×C intertwines the groupoid multiplication if and only if the relation (8.5)
holds. Let y1 = (g, i), y2 = (z
−1
a g, j
′), and y3 = (z−1b g, l
′) for g = γ e2πiτγ−1. Consider
the elements
f1 = [γ, 1]kλij ⊗ [γ, 1]−1k(τ−λi) ⊗ [γw
−1
a , 1]k(σa(τ)−λj′ )
(E.1)
in the fiber
(
L′ ⊗ p∗1N ′
−1⊗ p∗2N ′
)
(y1,y2)
and
f2 = [γw
−1
a , 1]kλj′[l′+b−a] ⊗ [γw−1a , 1]−1k(σa(τ)−λj′ )
⊗ [γw−1a w−1[b−a], 1]k(σb(τ)−λl′ ) (E.2)
in the fiber
(
L′ ⊗ p∗1N ′
−1⊗ p∗2N ′
)
(y2,y3)
. The product of those two elements,
µ′(f1 ⊗ f2) = [γ, uijl]kλil ⊗ [γ, 1]−1k(τ−λi) ⊗ [γw
−1
a w
−1
[b−a], 1]k(σb(τ)−λl′ ) , (E.3)
see (4.5), where the last tensor factor may be rewritten as
[γw−1b , χk(σb(τ)−λl′ )(wb w
−1
a w
−1
[b−a])]k(σb(τ)−λl′ ) . (E.4)
From the definition of the isomorphism ι′ we have
ι′(f1) = (y1, y2, vτ,a) , (E.5,a)
ι′(f2) = (y2, y3, vσa(τ),[b−a]) . (E.5,b)
ι′(µ′(f1 ⊗ f2)) = (y1, y3, vτ,b uijl χk(σb(τ)−λl′ )(wb w−1a w−1[b−a]) ) . (E.5,c)
The product of the first two elements of the trivial bundle over Z ′[2] is equal to the
third one if and only if
vτ,a vσa(τ),[b−a] = vτ,b uijl χk(σb(τ)−λl′ )(wb w
−1
a w
−1
[b−a])
= vτ,b χkσb(τ)(wb w
−1
a w
−1
[b−a]) ua[b−a] , (E.6)
where the last equality follows from (4.10). Upon the shift b 7→ [a+ b] this reduces to
(8.5).
Appendix F
Here we prove the cocycle identity (8.6). The left hand side is equal to
χkσ[a+b+c](τ)(w[b+c]w
−1
b w
−1
a ) χ
−1
kσ[a+b+c](τ)
(w[a+b+c]w
−1
[a+b]w
−1
c )
· χkσ[a+b+c](τ)(w[a+b+c]w−1a w−1[b+c]) χ−1kσ[a+b](τ)(w[a+b]w
−1
a w
−1
b )
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· ubc u−1[a+b]c ua[b+c] u−1bc . (F.1)
With the use of identity
χkσa(τ)(wat w
−1
a ) = χkτ (t) χ
−1
kλa
(t) (F.2)
holding for t in the Cartan subgroup and of relation (4.7), this may be rewritten as
χkσ[a+b+c](τ)(w[b+c]w
−1
b w
−1
c ) χ
−1
kσ[a+b+c](τ)
(w[a+b+c]w
−1
[a+b]w
−1
c )
· χkσ[a+b+c](τ)(w[a+b+c]w−1a w−1[b+c]) χ−1kσ[a+b](τ)(wcw[a+b]w
−1
a w
−1
b w
−1
c ) (F.3)
which is equal to 1 by the multiplicativity of the characters.
Appendix G
Let us prove that vτ,a = v
λ0
τ,a given by (8.12) provides a special solution of (8.5) for N
′
even and N ′′ odd. For τ = σd(τ0), we have
vσa(τ),b v
−1
τ,[a+b] vτ,a = ψ([a+ d], b)
−1 ψ(d, [a + b]) ψ(d, a)−1 vτ0,b v
−1
τ0,[a+b]
vτ0,a
= ψ(a, b)−1 χ−1kλd(u[a+b]u
−1
a u
−1
b ) vτ0,b v
−1
τ0,[a+b]
vτ0,a , (G.1)
where we have used the relations (8.11). Since, by (F.2),
Vσd(τ0),ab = Vτ0,ab χ
−1
kλd
(u[a+b]u
−1
a u
−1
b ) , (G.2)
the identity (8.5) will follow if we show that
vτ0,b v
−1
τ0,[a+b]
vτ0,a = Vτ0,ab ψ(a, b) . (G.3)
The left hand side is
χ−1kτ0(ub) χkτ0(u[a+b]) χ
−1
kτ0
(ua) χkλb(ub) χ
−1
kλ[a+b]
(u[a+b]) χkλa(ua)
·
{
1
(−1) b
2−[a+b]2+a2
2n′′
= χkτ0(u[a+b]u
−1
a u
−1
b ) χ
−1
kλ[a+b]
(u[a+b]u
−1
a u
−1
b ) χ
−1
kλa
(ub) χ
−1
kλb
(ua)
·
{
1
(−1)− abn′′ (G.4)
and it indeed coincides with the right hand side, as may be seen from the relation
Vτ,ab = χkτ (w
−1
a w
−1
b w[a+b]) χ
−1
kλ[a+b]
(w−1a w
−1
b w[a+b]) uab (G.5)
following from the definition (8.4) and (F.2).
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Appendix H
Here we show that the modification (8.15) with an appropriately chosen character
ρλ0(a) of Z depending on λ0 = kτ0 with τ0 ∈ [τ ] trivializes the cocycle φλ0(b, a) of
(8.14). We only have to consider the case of N ′ even and N ′′ odd since for the other
cases φλ0(b, a) = 1. First, for za ∈ Zτ , i.e. for a = a′′n′′,
ψ(b, a) = (−1)− a
′′(n′−a′′)n′′bk
n′ ·
{
1 for kn′ even ,
(−1)−a′′b for kn′ odd ,
=
{
1 for kn′ even ,
(−1)a′′b(n′′−1) for kn′ odd ,
(H.1)
see (8.10,b). Let
ρ0λ0(a) = (−1)
a
n′′−1∑
i′=0
i′ni′
, ρ1λ0(a) = (−1)
a
n′′
n′′−1∑
i′=0
i′ni′
, (H.2)
with ρ1 defined for kn′ odd. A direct check shows that for a = a
′′n′′,
χ−1λ0 (ua) ρ
0
λ0(a) (H.3)
does not depend on the choice of τ0 ∈ [τ ]. It follows that, for kn′ even, φλ0 is trivialized
by (8.15) if we take ρ = ρ0. Finally, for kn′ odd,
n′′−1∑
i′=0
i′ni′ preserves or changes its
parity under the shift λ0 7→ bλ0 for b even or odd, respectively, so that
ρ0bλ0(a) ρ
1
λ0
(a)
ρ0λ0(a) ρ
1
bλ0
(a)
= (−1)a′′b(n′′−1) (H.4)
and, as the result, φλ0(b, a) is trivialized by (8.15) with ρ = ρ
1.
On the other hand, relations (9.52) and (9.56), together with the proportionality of
the matrix elements Sλλ′ and Sˇ
λˇ
λˇ′
imply that
φλ0(b, a) = e
2πi b′(QJ (λ)+a
′X)− 2πi b QˇJˇ(λˇ) (H.5)
with λ another weight such that aλ = λ. In particular, φλ0(b, a) appearing in (9.52)
is λ0-independent. With the use of expressions (9.15), together with (9.53) and (9.54),
one checks that
e2πi b
′QJ (λ)− 2πi b QˇJˇ(λˇ)
= (−1) bk(nˇ
′−1)
nˇ′ =
{
(−1)b for N ′ even, N ′′ odd, knˇ′ odd ,
1 otherwise .
(H.6)
On the right hand side, the condition that knˇ′ be odd may be replaced by the require-
ment that kn′ be odd if we at the same time we replace (−1)b by (−1)a
′′b for a = a′′n′′.
On the other hand,
e2πi a
′b′X = (−1)− a
′′b k(N−1)
n′ =
{
(−1)−a′′b for N ′ even, N ′′ odd, kn′ odd ,
1 otherwise .
(H.7)
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It follows that φλ0(b, a), as given by (H.5), is equal to 1.
Appendix I
We construct here the canonical element Φ(ϕ˜, ϕ) of (9.35), where ϕ : [0.π] → G with
ϕ(0) ∈ Cτ0 , ϕ(π) ∈ Cτ1 and ϕ˜ = z−1a ϕ for za ∈ Z. Let us choose, for a sufficiently fine
split (partition) of [0, π] into subintervals b, arbitrary lifts φ
b
and φ˜
b
of ϕ|b and ϕ˜|b
to Y = ⊔Oi. In other words,
φ
b
= (ϕ|b , ib) , φ˜b = (ϕ˜|b , i˜b) (I.1)
for some choice of indices such that ϕ(b) ⊂ O
i
b
and ϕ˜(b) ⊂ O
i˜
b
. Let ψ
b
denote the
mapping from b ⊂ [0, π] to Y ′[2] defined by
ψ
b
(x) = (φ˜
b
(x) , φ
b
(x)) . (I.2)
We also choose lifts yv and y˜v to Y of ϕ(v) and ϕ˜(v), respectively, for vertices v
of the partition of [0, π]. Let us set
Φ(ϕ˜, ϕ)
= ι′0
−1
(y˜
{0}
, y
{0}
, 1) ⊗ ι′1−1(y{π} , y˜{π} , 1) ⊗
(
⊗
b⊂[0,π]
H
L′
(ψ
b
)
)
, (I.3)
where ι′s are the bundle isomorphisms given by (8.3). We shall show how Φ(ϕ˜, ϕ)
may be considered in a canonical way as an element of the line (L
D˜0D˜1
)
−1
ϕ˜
⊗ (L
D0D1
)ϕ .
As it stands,
Φ(ϕ˜, ϕ) ∈ L′
(y˜
{0}
, y
{0}
)
⊗ (N ′0)−1
y˜
{0}
⊗ (N ′0)y
{0}
⊗L′
(y
{π}
,˜y
{π}
)
⊗ (N ′1)−1y
{π}
⊗ (N ′1)
y˜
{π}
⊗
(
⊗
v∈b⊂[0,π]
L′
(y˜b, yb)
)
. (I.4)
where yb = φb(v) and y˜b = φ˜b(v). With the use of the groupoid multiplication, the
last factor is canonically isomorphic to
⊗
v∈b⊂[0,π]
(
L′
(y˜b, y˜v)
⊗ L′
(y˜v, yv)
⊗ L′
(yv, yb)
)
. (I.5)
But the line
L′
(y˜
{0}
, y
{0}
)
⊗
(
⊗
v∈b⊂[0,π]
L′
(y˜v, yv)
)
⊗ L′
(y
{π}
, y˜
{π}
)
(I.6)
is canonically trivial since the factors appear in dual pairs. We infer that, in a canonical
way,
Φ(ϕ˜, ϕ) ∈ (N ′0)−1
y˜
{0}
⊗
(
⊗
v∈b⊂[0,π]
L′
(y˜b, y˜v)
)
⊗ (N ′1)
y˜
{π}
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⊗ (N ′0)y
{0}
⊗
(
⊗
v∈b⊂[0,π]
L′
(yv, yb)
)
⊗ (N ′1)−1y
{π}
. (I.7)
Recalling that, by construction, the lines bundles N ′s over the subsets π−1(Cτs) ⊂ Y
coincide with the bundles Ns and using the definitions (6.7) and (7.7), we infer that
the last line is canonically isomorphic with the line (L
D˜0D˜1
)
−1
ϕ˜
⊗ (LD0D1 )ϕ .
The fact that the isomorphisms ι′s preserve the groupoid multiplication and the
associativity of the groupoid multiplication in L′ result in the canonical identification
(9.37). We leave the details to the reader. Finally, formula (9.36) is a consequence
of the fact that, from the point of view of group G′, multiplication by Φ gives the
canonical isomorphism used to identify two different realizations of the same fiber of
the line bundle L′
D′
0
D′
1
.
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